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Abstract
We present the details of the recently constructed E6p6q covariant extension of 11-
dimensional supergravity. This theory requires a 5` 27 dimensional spacetime in which
the ‘internal’ coordinates transform in the 2¯7 of E6p6q. All fields are E6p6q tensors and
transform under (gauged) internal generalized diffeomorphisms. The ‘Kaluza-Klein’ vec-
tor field acts as a gauge field for the E6p6q covariant ‘E-bracket’ rather than a Lie bracket,
requiring the presence of two-forms akin to the tensor hierarchy of gauged supergravity.
We construct the complete and unique action that is gauge invariant under generalized
diffeomorphisms in the internal and external coordinates. The theory is subject to co-
variant section constraints on the derivatives, implying that only a subset of the extra
27 coordinates is physical. We give two solutions of the section constraints: the first pre-
serves GLp6q and embeds the action of the complete (i.e. untruncated) 11-dimensional
supergravity; the second preserves GLp5q ˆ SLp2q and embeds complete type IIB super-
gravity. As a by-product, we thus obtain an off-shell action for type IIB supergravity.
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1 Introduction
For more than three decades, since the seminal work of Cremmer and Julia [1], it has been
known that toroidal compatification of 11-dimensional supergravity [2] gives rise to the excep-
tional symmetries EnpnqpRq, n “ 6, 7, 8, in dimensions D “ 11 ´ n. Later, in the mid 1990’s,
the discrete subgroups EnpnqpZq were interpreted as part of the U-duality symmetries of M-
theory [3], but ever since it has remained a mystery why 11-dimensional supergravity knows
about the exceptional groups and to which extent they are already present in the full theory.
This fact has inspired various authors to speculate about a hidden new geometry in higher
dimensions that transcends the Riemannian geometry underlying Einstein’s theory [4–32], but
it is fair to say that so far there was no scheme that casts the full 11-dimensional supergravity
into a truly Enpnq covariant form. In this paper, we present in detail the construction announced
recently in [33], which gives an extension of 11-dimensional supergravity that makes the excep-
tional group E6p6q manifest prior to any toroidal compactification, while also hosting the type
IIB theory [34,35]. The details for the remaining finite dimensional groups E7p7q and E8p8q will
be presented in separate publications [36].
Our construction is a continuation and generalization of ‘double field theory’ (DFT), which
is an approach to make the Opd, dq T-duality group of string theory manifest by introducing
a generalized spacetime with doubled coordinates, subject to a ‘section constraint’ or ‘strong
constraint’, and reorganizing the fields into Opd, dq tensors [37–41]. (For earlier results see
[42–45].) Remarkably, DFT is applicable not only to (the low-energy spacetime action of)
bosonic string theory, but also to the heterotic string [46], including their supersymmetric
formulations [47–49], as well as massless and massive type II theories [50–53]. DFT also yields
an intriguing generalization of Riemannian geometry [37,54–59], which in turn extends results
in the ‘generalized geometry’ developed in pure mathematics [60–62]. Moreover, it provides a
natural framework for non-geometric fluxes [63–67]. Finally, an extension of DFT to higher-
derivative α1 corrections has recently been given [68]. (For a more exhaustive list of references
see the recent reviews [69–71].)
In contrast to D “ 10 string theory and DFT, where the fields naturally combine into tensors
under Op10, 10q, the fields of D “ 11 supergravity do not organize directly into tensors under
any of the exceptional groups. For instance, in order to realize the Enpnq symmetry in dimen-
sional reduction, some field components have to be dualized into forms of lower rank. As such
transformations are specific to a given dimension, it is not obvious how to build complete Enpnq
multiplets in D “ 11 prior to any reduction. We have recently shown how to overcome these
obstacles by gauge fixing the local Lorentz group and decomposing the fields and coordinates
as in Kaluza-Klein compactifications, but without truncation [72]. The resulting formulation
therefore captures all of the original 11-dimensional supergravity, at the cost of abandoning
some of the Lorentz gauge freedom. The various field components, necessarily including some
of their duals, can then be reorganized into Enpnq tensors. Extending the ‘internal’ derivatives
to transform in some fundamental representation of Enpnq, subject to a generalization of the
DFT section constraint proposed in [27, 29], we arrive at a manifestly Enpnq covariant exten-
sion of 11-dimensional supergravity. The resulting theory, which we refer to in the following
as ‘exceptional field theory’ (EFT), closely resembles DFT when subjected to an analogous
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Kaluza-Klein type gauge fixing of the local Lorentz group [73].
Already the early work of de Wit and Nicolai [5,6] has identified directly in eleven dimensions
some of the structures found in dimensional reduction, following a Kaluza-Klein decomposition
without truncation similar to the present construction. Manifest 11-dimensional covariance is
abandoned, in favor of an enhanced local Lorentz symmetry in accordance with the (composite)
gauge symmetries appearing in the D “ 4 or D “ 3 coset models. However, these constructions
do not yet manifest the exceptional groups, and further work in [8] suggested that additional
coordinates should be introduced in order to achieve this, an idea that also features prominently
in the proposal of [14]. Later work [19,20] gave a manifestly E7p7q invariant action functional for
a certain 7-dimensional truncation of D “ 11 supergravity by introducing coordinates in the 56
of E7p7q. Recently, other subsectors of D “ 11 supergravity have been reformulated in terms of a
generalized metric, see e.g., [23–25], together with a duality-covariant formulation of part of the
gauge symmetries in form of generalized Lie derivatives. These constructions are also related to
extensions of generalized geometry to the exceptional groups [16, 26]. In all these truncations
the match to 11-dimensional supergravity requires a Kaluza-Klein-type decomposition of the
latter in which one sets to zero all off-diagonal components of the metric and the 3-form, sets
to zero the external components of the 3-form and freezes the external metric to the Minkowski
metric, possibly up to a warp factor. Finally, one truncates the coordinate dependence of all
fields to the internal coordinates. We will explain in the appendix the embedding of these
theories into the full EFT formulation, constructed in this paper.
This formulation to be constructed requires various new mathematical tools [72], analogous
to the Lorentz gauge fixed DFT [73]. Most importantly, the off-diagonal vector field compo-
nents of the Kaluza-Klein-like decomposition yield a generalization of a Yang-Mills gauge field.
More precisely, these fields transform in the same way as a Yang-Mills connection, but with
a bracket, in the following referred to as the ‘E-bracket’, that does not satisfy all axioms of
a Lie bracket. This, in turn, requires the introduction of forms of higher rank in order to
maintain gauge covariance of the field strengths, in precise analogy to the ‘tensor hierarchy’
of gauged supergravity [74, 75]. Moreover, these higher forms play a vital role as the duals
of some physical fields, which is implemented at the level of an off-shell action by means of
topological Chern-Simons-like terms, as in gauged supergravity [76, 77]. Finally, the ‘internal’
field components organize into a ‘generalized metric’ MMN that is a covariant tensor under
Enpnq, while the ‘external’ metric gµν is an Enpnq singlet that, however, transforms as a scalar
density under the (internal) generalized Lie derivatives.
In this paper, we present in detail the construction of the E6p6q EFT. Dimensional reduction
from eleven dimensions on a torus T 6 is known to give rise to maximal D “ 5 supergravity with
global E6p6q symmetry [78]. It becomes manifest in five dimensions after proper dualization of
all p-form tensors to lowest possible degree. In particular, the three-form descending from eleven
dimensions is dualized into a scalar and joins the coordinates of the scalar target space described
by the coset space E6p6q{USpp8q. The E6p6q EFT keeps the field and multiplet structure of the
five-dimensional theory, but elevates all fields to functions of 5 ` 27 coordinates pxµ, YM q,
where the YM , with dual derivatives BM , live in the fundamental representation 2¯7 of E6p6q.
The theory is subject to covariant section constraints, which can be written in terms of the
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E6p6q invariant d-symbols dMNK and dMNK as follows [26,29]
dMNK BNBKA “ 0 , dMNK BNA BKB “ 0 , (1.1)
where A,B denote any fields or gauge parameters. This constraint is the analogue of the ‘strong
constraint’ in DFT and implies that only a subset of the 27 coordinates is physical. While in
DFT the strong constraint is motivated from string theory, as implementing a strong version
of the level-matching constraint, eq. (1.1) has been postulated by analogy. However, we will
discuss below that for the SOp5, 5q T-duality subgroup of E6p6q it actually reduces to the strong
constraint of DFT. The E6p6q covariant field content is given by 
eµ
a,MMN , AµM , Bµν M
(
, (1.2)
where eµ
a denotes the fu¨nfbein corresponding to the external metric, while Aµ
M and Bµν M are
the tensor gauge fields relevant for the E6p6q EFT. The symmetric matrix MMN parametrizes
the coset space E6p6q{USpp8q whose 42 coordinates describe the ‘scalar’ fields of the theory. The
full action is given by
SEFT “
ż
d5x d27Y e
´ pR` 1
24
gµνDµMMN DνMMN
´ 1
4
MMNFµνMFµνN ` e´1Ltop ´ V pMMN , gµνq
¯
.
(1.3)
This action takes the same structural form as D “ 5 gauged supergravity [77], with a (co-
variantized) Einstein-Hilbert term for eµ
a, a ‘scalar’ kinetic term for MMN and a Yang-Mills
term based on the field strength FµνM , the latter also depending on the two-form Bµν M in
accordance with the tensor hierarchy. All fields depend on the ‘internal’ coordinates, corre-
sponding to the non-abelian structure of covariant derivatives and field strengths involving the
derivatives BM . In addition, the ‘potential’ V pM, gq is the manifestly E6p6q covariant expression
(built using only the BM derivatives) given by
V “ ´ 1
24
MMNBMMKL BNMKL ` 1
2
MMNBMMKLBLMNK
´ 1
2
g´1BMg BNMMN ´ 1
4
MMNg´1BMg g´1BNg ´ 1
4
MMNBMgµνBNgµν .
(1.4)
All terms in the action (1.3) are separately gauge invariant under the internal (generalized)
diffeomorphisms of the YM , generated by a parameter ΛM px, Y q, with the AµM taking the
role of a gauge connection for this symmetry. The action is further gauge invariant under
(Aµ-covariantized) ‘external’ diffeomorphisms generated by ξ
µpx, Y q, but this symmetry is not
manifest for Y -dependent parameter ξµ. In fact, it is this symmetry that relates the various
terms in (1.3) and fixes all relative coefficients.
Apart from the construction of the action (1.3), a central result of this paper is to show
that this action after putting an appropriate solution of the section condition (1.1) reduces to
full (i.e. untruncated) 11-dimensional supergravity after rearrangement of the fields according a
5+6 Kaluza-Klein split but keeping the dependence on all eleven coordinates. We work this out
in full detail and reproduce from (1.3) the action of eleven-dimensional supergravity. Moreover,
it has been noted in [33] that the section condition (1.1) allows for (at least) two inequivalent
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Figure 1: E6p6q EFT embedding of D “ 11 supergravity, IIB supergravity, and D “ 5 supergravity.
solutions, the second of which reduces the theory (1.3) to the full ten-dimensional IIB theory.
To this end we first break E6p6q under SLp6qˆSLp2q such that the fundamental representation
decomposes as
27 Ñ p15, 1q ` p6, 2q . (1.5)
If we let the fields depend on six coordinates from the SLp2q doublet, the section constraints
are satisfied. We are left with an unbroken GLp6q symmetry and fields depending on 5 ` 6
coordinates. For this choice, the action (1.3) reduces to an action that is on-shell equiva-
lent to 11-dimensional supergravity. Alternatively, the section constraint is solved by letting
fields depend on 5 coordinates from the 15 in (1.5), which in turn breaks the symmetry to
GLp5qˆSLp2q. For this choice, (1.3) reduces to a 10-dimensional action with a global SLp2q
symmetry and we obtain an on-shell equivalent formulation of type IIB supergravity. As a
by-product, this yields an off-shell action for type IIB supergravity, at the cost of sacrificing
manifest 10-dimensional spacetime covariance. In the sense just explained, the EFT defined by
(1.3) unifies type IIB and M-theory (and thus type IIA), a feature shared with the type II DFT
constructed in [50,51]. Instead, dropping all derivatives w.r.t. to the extra internal coordinates,
i.e. setting BM “ 0, the theory (1.3) directly reduces to D “ 5 maximal supergravity in the
form in which the exceptional symmetry E6p6q is manifest without further dualization [78]. The
various links are depicted in figure 1, which can be thought of as a commutative diagram that
explains the emergence of E6p6q from M-theory or type IIB.
This paper is organized as follows. In sec. 2 we introduce the required E6p6q structures:
the generalized Lie derivatives, the E-bracket, and the associated tensor hierarchy. Employing
these techniques, we define in sec. 3 the various terms of the E6p6q EFT action and discuss the
(non-manifest) gauge invariance under the external, 5-dimensional diffeomorphisms. In sec. 4
we prove that 11-dimensional supergravity can be embedded in EFT, upon solving the section
constraint as above and re-writing 11-dimensional supergravity appropriate for the Kaluza-
5
Klein inspired gauge fixing of the Lorentz group. In sec. 5 we discuss the embedding and
decomposition of type IIB supergravity along the same lines. We close with a summary and
outlook in sec. 6. In the appendix we discuss truncations of our theory, in order to relate it to
some of the duality-covariant truncations previously obtained in the literature.
2 E6p6q Generalized Diffeomorphisms and the Tensor Hierarchy
We start by introducing the mathematical background needed for the definition of the theory
(1.3), including the E6p6q generalized Lie derivatives that generate the internal (generalized)
diffeomorphisms and the ‘E-bracket’. Then we introduce the gauge fields Aµ
M which gauge
this symmetry in the sense of making it local w.r.t. the ‘external’ x-space. Due to the non-
trivial Jacobiator of the E-bracket, gauge covariance requires the introduction of the two-form
BµνM in accordance with the general tensor hierarchy of non-abelian p-forms [74,75].
2.1 Generalized Lie derivatives and the E-bracket
We begin by collecting the relevant facts about the exceptional Lie group E6p6q. Its Lie algebra
is of dimension 78, with generators that we denote by tα with the adjoint index α “ 1, . . . , 78.
In addition, E6p6q has two inequivalent fundamental representations of dimension 27, which we
denote by 27, and 2¯7 for its contragredient. These representations will be indicated by lower
indices M,N “ 1, . . . , 27 for 27 and upper indices for 2¯7. Note, in particular, that there is no
invariant metric to raise and lower fundamental indices. In contrast, we raise and lower adjoint
indices by the (rescaled) Cartan-Killing form καβ ” ptαqMN ptβqNM .
In the fundamental representation, there are two cubic E6p6q-invariant tensors, the fully
symmetric d-symbols dMNK and dMNK , which we normalize as dMPQd
NPQ “ δNM . Below we
will need the projector onto the adjoint representation
PMNKL ” ptαqNM ptαqLK “ 1
18
δMN δ
K
L ` 16 δ
K
N δ
M
L ´ 53 dNLRd
MKR , (2.1)
which satisfies
PMNNM “ 78 . (2.2)
We note the useful cubic relations for the d-symbols
dSpMN dPQqT dSTR “ 215δ
RpM dNPQq ,
dSTR d
SpMN dPQqT “ 2
15
δR
pM dNPQq .
(2.3)
Next, we introduce the generalized Lie derivative w.r.t. the vector parameter ΛM acting on
E6p6q tensors in the fundamental representation with an arbitrary number of upper and lower
indices. Moreover, the tensors can carry an arbitrary density weight λ. On a vector VM of
weight λ it acts as [26,29]
δVM “ LΛVM ” ΛKBKVM ´ 6PMNKL BKΛL V N ` λ BPΛP VM . (2.4)
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Similarly, it acts on a co-vector WM of weight λ
1 as
δWM “ LΛWM ” ΛKBKWM ` 6PNMKL BKΛLWN ` λ1 BPΛP WM , (2.5)
and accordingly on an E6p6q tensor with an arbitrary number of covariant and contravariant fun-
damental indices. Because of the projector in (2.4), the generalized Lie derivative is compatible
with the E6p6q algebra structure: the d-symbols are invariant tensors of weight λ “ 0
LΛ dMNK “ 0 , (2.6)
and its action on the E6p6q valued generalized metric MMN to be introduced below (carrying
weight λ “ 0) preserves the group property. Moreover, the above definition is such that the
E6p6q invariant contraction between a vector and a co-vector transforms as
δΛ
`
VMWM
˘ “ ΛKBK`VMWM˘` `λ` λ1˘BPΛP VMWM . (2.7)
In particular, the contraction transforms as a genuine scalar if the vectors have opposite weights,
λ “ ´λ1. Writing out the projector (2.1), the Lie derivative on, say, a vector reads explicitly
δΛV
M “ ΛKBKVM ´ BKΛMV K `
´
λ´ 1
3
¯
BPΛP VM ` 10 dNLRdMKRBKΛLV N . (2.8)
We observe that the projector contributes an additional density-type term, leading to an ‘ef-
fective weight’ of pλ ´ 13q in the action (2.8), which singles out the value λ “ 13 . In fact, we
will see below that the vector gauge parameter itself has to be thought of as a vector of weight
λ “ 13 , such that (2.8) carries no explicit weight term. We stress that by referring to the weight
λ of a tensor V , sometimes denoted by λpV q, we always denote the weight in (2.4), as opposed
to the effective weight of (2.8). In the following, a careful treatment of the emerging weights
will be crucial. A remarkable observation is the following: if VM is a covariant vector of weight
λpV q “ 23 , then the following combination
WM ” dMNK BKVN , (2.9)
is a contravariant vector of weight λpW q “ 13 . This can be viewed as an E6p6q analogue of the
fact that for standard diffeomorphisms the exterior derivative Brm0Cm1...mps of an antisymmetric
p-form is a covariant tensor (note, however, that the tensor dMNK in (2.9) is totally symmetric).
Indeed, embedding the structures of ten- and eleven-dimensional space-time diffeomorphisms,
the tensor structure of (2.9) precisely encodes those exterior derivatives, as we will find from
the explicit decompositions of the d-symbol in (4.42) and (5.5) below. The tensorial nature of
(2.9) will prove crucial for the structure of the tensor hierarchy of non-abelian p-forms. For
a general study of connections and connection-free covariant derivatives in such ‘exceptional
geometries’ see [26,31,79].
Let us now discuss a few properties of the generalized Lie derivatives, which all require the
section constraints (1.1). First, we note that there are ‘trivial’ gauge parameters, i.e., gauge
parameters that do not generate a gauge transformation via (2.4). These are of the form
ΛM “ dMNKBNχK , (2.10)
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for an arbitrary covariant vector χK . To prove this claim we compute from (2.8)
δΛV
M “ `´ dMPQBNBPχQ ` 10dNLRdMKRdLPQBKBPχQ˘V N . (2.11)
Here we have set to zero the transport term and the density term, since for the above parameter
they vanish by the section constraints (1.1). Next we apply the cubic identity (2.3), noticing
that
dRLNd
RpMKdPQqLBKBPχQ “ 1
6
dRLN
`
2dRMKdPQL ` 2dRQKdPML˘BKBPχQ
“ 2
3
dRLNd
RMKdPQLBKBPχQ ,
(2.12)
where we used the symmetry in K,P and the section constraint. The cubic identity thus implies
10 dRLN d
RMK dPQLBKBPχQ “ 2 δN pM dKPQqBKBPχQ “ dPMQBNBPχQ , (2.13)
where, in the last equality, we used again the section constraint. Inserting this in (2.11) we
observe that this cancels the first term, thus proving δΛV
M “ 0 and so triviality of the action
of this gauge parameter. In the above proof we have given the detailed steps that will recur in
similar form in many of the computations below, making repeated use of the section constraints
(1.1) and the cubic identity (2.3). As such, in the following derivations we will not repeat all
intermediate steps in similar detail.
Next, we turn to the gauge algebra. A direct computation as above shows that, modulo the
section constraints (1.1), the gauge transformations close“
δΛ1 , δΛ2
‰ “ δrΛ2,Λ1sE , (2.14)
according to the ‘E-bracket’“
Λ2,Λ1
‰M
E
“ 2ΛKr2BKΛM1s ´ 10 dMNPdKLP ΛKr2BNΛL1s . (2.15)
Put differently, the generalized Lie derivatives satisfy the algebra [26,29]1“
LΛ1 ,LΛ2
‰ “ LrΛ1,Λ2sE . (2.16)
The E-bracket is the M-theory or EFT analogue of the C-bracket in DFT. Like the C-bracket,
the E-bracket does not define a Lie algebra in that it has a non-trivial ‘Jacobiator’
JpU, V,W q ” ““U, V ‰
E
,W
‰
E
` ““V,W ‰
E
, U
‰
E
` ““W,U‰
E
, V
‰
E
. (2.17)
As in DFT, however, the Jacobiator takes the form of a trivial parameter (2.10) and is therefore
consistent with the Jacobi identity for the symmetry variations, rrδΛ1 , δΛ2s, δΛ3s`cycl. “ 0. The
proof is formally identical to that for the Courant bracket in generalized geometry [61] or for
the C-bracket in DFT [39] and proceeds as follows.2 First, we define the Dorfman-type product
(or bracket) between vectors of weight 13 ,
pV ˝W qM ” pLVW qM “ V NBNWM ´WNBNVM ` 10 dMKRdPLR BKV LWP . (2.18)
1Note that the seeming sign difference between (2.14) and (2.16) originates from the difference between a field
variation, acting on fields first, and an abstract operator like the Lie derivative.
2See also the analysis in the context of exceptional generalized geometry [26], to which our discussion reduces
for one solution of the section constraint.
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Comparison with (2.15) then shows that the product differs from the E-bracket by a term
symmetric in the two arguments,
pV ˝W qM “ “V,W ‰M
E
` 5 dMKRBK
`
dRPLV
PWL
˘
. (2.19)
Note that the symmetric contribution takes the trivial form (2.10) and so pV ˝W q and rV,W sE
generate the same generalized Lie derivative. Using this and the algebra (2.16) it is straight-
forward to verify that the product satisfies the Jacobi-like identity
U ˝ pV ˝W q ´ V ˝ pU ˝W q ´ pU ˝ V q ˝W “ 0 . (2.20)
In fact, with (2.18) we compute
U ˝ pV ˝W q ´ V ˝ pU ˝W q “ U ˝ pLVW q ´ V ˝ pLUW q
“ LULVW ´ LV LUW
“ LrU,V sEW
“ LpU˝V qW “ pU ˝ V q ˝W ,
(2.21)
thus proving (2.20). Next we use (2.19) to compute““
U, V
‰
E
,W
‰
E
“ `“U, V ‰
E
˝W ˘M ´ 5 dMKRBK` dRPL rU, V sPE WL˘
“ `pU ˝ V q ˝W ˘M ´ 5 dMKRBK` dRPL rU, V sPE WL˘ . (2.22)
Using that as a consequence of (2.19) the E-bracket Jacobiator is proportional to the ‘Jacobiator’
for the Dorfman product, one computes with the identity (2.20)
JM pU, V,W q “ 5
3
dMKRBK
´
dRPL
` rU, V sPE WL ` rW,U sPE V L ` rV,W sPE UL ˘¯ . (2.23)
This completes the proof that the Jacobiator is of the trivial form (2.11).
2.2 E6p6q Tensor Hierarchy
We now turn to a discussion of external covariant derivatives, gauge connections, and covariant
curvatures. These are necessary because in the above gauge transformations we will take the
gauge parameters ΛM to be functions of the (internal) E6p6q coordinates YM but also of the
(external) 5-dimensional coordinates xµ. Thus, the gauge transformations are local w.r.t. the x-
space and the corresponding partial derivatives Bµ need to be covariantized. We thus introduce
a gauge connection Aµ
M and define the covariant derivative
Dµ ” Bµ ´ LAµ . (2.24)
For instance, the covariant derivative of a vector (of weight λ) is given by
DµVM “ BµVM ´AµKBKVM ` 6PMNKL BKAµL V N ´ λ BPAµP VM . (2.25)
Sometimes, we will explicitly split off the density term and write
DµVM “ DµVM ´ λ BPAµP VM , (2.26)
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for a vector VM of weight λ . The transformation of the gauge connection is obtained by
requiring gauge covariance of the covariant derivatives. An explicit computation shows that
with
δAµ
M “ BµΛM ´AµKBKΛM ` ΛKBKAµM ´ 10 dMNPdKLP ΛL BNAµK
“ DµΛM ´ 1
3
pBKAµKqΛM
” DµΛM , (2.27)
the covariant derivatives are indeed covariant. This confirms that the gauge parameter ΛM is
a contravariant tensor of weight λ “ 13 .
Next, we introduce a non-abelian field strength for the above gauge connection. The naive
non-abelian Yang-Mills field strength reads
Fµν
M “ 2 BrµAνsM ´
“
Aµ, Aν
‰M
E
“ 2 BrµAνsM ´ 2ArµKBKAνsM ` 10 dMKRdNLRArµN BKAνsL .
(2.28)
Since the E-bracket does not satisfy the Jacobi identity, however, this field strength does not
transform fully covariantly. We first compute its variation w.r.t. an arbitrary δAµ
M , which is
a contravariant vector of weight λ “ 13 ,
δFµν
M “ 2Drµ δAνsM ` 10 dMKRdNLR BK
`
ArµN δAνsL
˘
. (2.29)
The final term here is non-covariant, but of the ‘trivial’ form (2.10). In the spirit of the tensor
hierarchy [74, 75], this suggests to introduce two-form potentials Bµν M and define the full
covariant field strength by
FµνM ” FµνM ` 10 dMNK BKBµν N , (2.30)
such that its general variation is given by
δFµνM “ 2Drµ δAνsM ` 10 dMNK BK∆Bµν N , (2.31)
with
∆Bµν N ” δBµν N ` dNKLArµK δAνsL . (2.32)
The covariant field strength also appears in the commutator of covariant derivatives,“Dµ,Dν‰ “ ´LFµν “ ´LFµν , (2.33)
where the last equality uses the triviality of (2.10). With these results at hand we can now
verify the gauge covariance of the curvature. In addition to the gauge symmetry parameterized
by ΛM , the newly introduced gauge potential Bµν M comes with its own tensor gauge symmetry,
whose parameter we denote by ΞµM . Explicitly, the complete gauge variations are given by
δAµ
M “ DµΛM ´ 1
3
pBKAµKqΛM ´ 10 dMNKBKΞµN ,
∆BµνM “ 2DrµΞνsM ´ 43
`BKArµK˘ΞνsM ` dMKLΛKFµνL `OµνM , (2.34)
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up to yet unspecified terms OµνM satisfying
dMNKBKOµνN “ 0 , (2.35)
which do not contribute to (2.31). It is a straightforward calculation to show that under (2.34),
the field strength (2.30) transforms as a contravariant vector (2.8) of weight λ “ 13 . Moreover,
the form of (2.34) shows that the two-form gauge parameter ΞµM is a covariant vector of weight
λ “ 23 .
After having introduced a gauge covariant field strength, we will now discuss the Bianchi
identities, which is also a convenient trick in order to define the covariant field strength of
the two-form Bµν M . To this end we note the following useful relation, which follows from the
observation in (2.9),
Dµ
`
dMNK BKVN
˘ “ dMNK BKDµVN , (2.36)
valid for any covariant vector VN of weight λ “ 23 . Explicit computation shows that the field
strength (2.30) satisfies the Bianchi identities
3DrµFνρsM “ 10 dMNKBKHµνρN , (2.37)
with the 3-form field strength HµνρM defined by this equations (up to terms that vanish under
the projection with dMNKBK):
HµνρM “ 3DrµBνρsM ´ 3 dMKLArµK BνAρsL ` 2 dMKLArµKAνP BPAρsL
´ 10 dMKLdLPRdRNQArµKAνN BPAρsQ ` ¨ ¨ ¨ . (2.38)
W.r.t. the generalized Lie derivative, this is a covariant vector of weight λ “ 23 . Next, we
determine the Bianchi identity for HM . From the derivative of (2.37)
20 dMNKBKDrµHνρσsN “ 6DrµDνFρσsM
“ ´15 dMNKBK
`
dNPQFrµνPFρσsQ
˘
, (2.39)
we conclude the Bianchi identity
4DrµHνρσsM “ ´3 dMPQFrµνPFρσsQ ` . . . , (2.40)
again up to terms annihilated by the projection with dMNKBK .
3 Covariant E6p6q Theory
We are now in the position to define all terms in the E6p6q EFT action (1.3), specifically the
kinetic terms for the propagating fields eµ
a, MMN and AµM . The dynamics of the two-form
tensors BµνM is governed by a topological Chern-Simons-type term that implies the required
duality relations between Aµ
M and BµνM . We define the ‘potential’ term as a function of the
generalized metric MMN and the external metric gµν , and prove its gauge invariance under
the internal generalized diffeomorphisms. Finally, we discuss the non-manifest invariance of the
action under the (covariantized) 5-dimensional external diffeomorphisms, which in turn fixes
all relative coefficients of the action.
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3.1 Kinetic and Topological Terms
Let us start by recalling the field content as given in (1.2) above: 
eµ
a,MMN , AµM , Bµν M
(
. (3.1)
In the following we define the kinetic terms for the first three fields. The 5-dimensional vielbein
(‘fu¨nfbein’) eµ
a is a scalar-density under ΛM gauge transformations, with weight λ “ 13 . In
order to write a gauge invariant action we thus have to employ the covariant derivatives
Dµeνa ” Bµeνa ´AµMBMeνa ´ 1
3
BMAµMeνa , (3.2)
in the usual definition of the spin connection coefficients ωµ
ab, which then become ΛM scalars
(i.e. carry weight λ “ 0). The correspondingly covariantized Riemann tensor Rµνab defined
in the usual fashion then also transforms as a ΛM scalar. However, because of the non-
commutativity of the covariant derivatives Dµ, the covariantized Riemann tensor does not
transform tensorially under local Lorentz transformations δλωµ
ab “ ´Dµλab. This can be re-
paired by defining the improved Riemann tensor [73]
pRµνab ” Rµνab ` FµνMeaρBMeρb , (3.3)
which transforms covariantly under internal generalized diffeomorphisms and local Lorentz
transformations.3 The covariantized Einstein-Hilbert term
SEH “
ż
d5x d27Y e pR “ ż d5x d27Y e eaµebν pRµνab , (3.4)
then is gauge invariant under these symmetries. In particular, the weight λ “ 53 carried by the
fu¨nfbein determinant e according to (3.2), combines with the weights of the inverse fu¨nfbeins to
a total weight of 1, as required in order for the Lagrangian to vary under ΛM transformations
into a total derivative.
Next, we turn to the kinetic term for MMN . This matrix parametrizes the scalar coset space
E6p6q{USpp8q whose 42 coordinates describe the scalar fields of the theory. Under generalized
diffeomorphisms (2.5) it transforms as a symmetric 2-tensor of weight λ1 “ 0. Note in particular,
that this transformation is compatible with the group property detM “ 1 . Introducing its
covariant derivative according to (2.24), we can define the gauge invariant kinetic term
Lsc “ 1
24
e gµν DµMMN DνMMN , (3.5)
with the inverse matrix MMN . In particular, with the inverse metric gµν carrying weight
λ “ ´23 and the fu¨nfbein determinant carrying weight λ “ 53 , the total weight of this term
in the Lagrangian is 1, as required for ΛM gauge invariance. Similarly, the Yang-Mills kinetic
term ´14 eMMN FµνMFµνN in (1.3) carries the correct weight of 1 and is hence gauge invariant.
Indeed, we saw above that the field strengths FµνM are gauge covariant and carry a weight of
λ “ 13 , which is precisely the correct weight given the presence of two inverse metrics gµν .
3One could also write an A-covariantized Einstein-Hilbert term in terms of the metric gµν , in which case there
is no such extra term present, Lorentz symmetry being already manifest.
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After having discussed the kinetic terms, we now turn to the topological Chern-Simons-like
term. By this we mean a term that is written without use of the metric (i.e., only through
exterior products of forms) and that contains bare gauge potentials such that it is only gauge
invariant up to boundary terms. Its structure is analogous to the topological term in general
D “ 5 gauged supergravity [77], such that its field equations yield the desired first order duality
equations relating Aµ
M and Bµν M . Such a term may be written more conveniently as a total
derivative in one higher dimension, which has the advantage of making the gauge invariance
manifest. Using form notation for the invariant curvatures introduced in (2.30) and (2.38),
FM ” 1
2
FµνM dxµ ^ dxν , HM ” 1
3!
HµνρM dxµ ^ dxν ^ dxρ , (3.6)
the topological term can be written as an integral of an exact 6-form over a 6-dimensional space
M6,
Stop “
ż
d5x d27Y Ltop
“ κ
ż
d27Y
ż
M6
`
dMNK FM ^ FN ^ FK ´ 40 dMNKHM ^ BNHK
˘
, (3.7)
whose overall constant κ will be determined below. From this we may determine the non-
manifestly gauge invariant 5-dimensional form, but it is not very illuminating and will also not
be needed in the following. What will be needed in the following is the general variation of the
topological term, which is derived from (3.7) and takes the form
δLtop “ κ εµνρστ
´ 3
4
dMNK FµνMFρσNδAτK ` 5 dMNKdKPQ BNHµνρM AσP δAτQ
` 5 dMNK BNHµνρM δBστ K
¯
. (3.8)
In terms of the covariant variation (2.32) it takes the even simpler form
δLtop “ κ εµνρστ
´ 3
4
dMNK FµνMFρσNδAτK ` 5 dMNK BNHµνρM ∆Bστ K
¯
. (3.9)
With this form it is straightforward to explicitly verify gauge invariance under Λ and Ξ trans-
formations (2.34), integrating by parts and using the Bianchi identities (2.37) and (2.40). Note
that due to (2.36) in this computation we can exchange the relevant BM and Dµ derivatives.
We close this subsection by giving the field equations of the topological fields BµνM , which
enter the topological term and the Yang-Mills term via the covariant field strength FµνM . The
field equations obtained by varying BµνP in these terms read
dPMLBL
`
eMMNFµνN ` κεµνρστ HρστM
˘ “ 0 . (3.10)
We will see in the following sections that upon taking appropriate solutions of the constraints
(1.1), these relations reduce to the required first-order duality relations of either 11-dimensional
supergravity or type IIB supergravity.
13
3.2 The Potential
We now discuss the final term in the EFT action: the potential, which is a function of gµν and
MMN given by
V “ ´ 1
24
MMNBMMKL BNMKL ` 1
2
MMNBMMKLBLMNK
´ 1
2
g´1BMg BNMMN ´ 1
4
MMNg´1BMg g´1BNg ´ 1
4
MMNBMgµνBNgµν .
(3.11)
The relative coefficients in here are determined by ΛM gauge invariance, and in the following
we will verify this gauge symmetry. As the potential is an E6p6q singlet, with all indices being
properly contracted, it is sufficient to verify cancellation of all terms that are ‘non-covariant’
in the following sense. For a generic object with an arbitrary number of upper and lower E6p6q
fundamental indices, we define
∆Λ ” δΛ ´ LΛ . (3.12)
Put differently, by ∆ we denote all terms in its variation that differ from the covariant ones (in
turn given by the generalized Lie derivative). As the covariant generalized Lie derivative terms
automatically combine into the Lie derivative of a scalar, it is sufficient to verify cancellation
of the non-covariant terms. The only terms that lead to a non-trivial ∆ are those involving a
partial derivative, so we have to compute those terms for BM and Bg. First, we compare
δΛ
`BMMKL˘ “ BM`ΛP BPMKL ´ 12PpKR|PQBPΛQ|MLqR˘ , (3.13)
with the covariant
LΛ
`BMMKL˘ “ ΛP BP `BMMKL˘´ 12PpKR|PQ BPΛQ| BMMLqR
` 6PRMPQ BPΛQ BRMKL ` λ BPΛP BMMKL .
(3.14)
Here we introduced λ in order to allow for a possible weight of BM. In fact, we will show
momentarily that although M has weight zero, its derivative has a non-trivial weight. To see
this we note that the first term in the second line of (3.14) simplifies by the section constraint,
so that writing out the projector according to (2.1) we obtain
LΛ
`BMMKL˘ “ ΛP BP `BMMKL˘´ 12PpKR|PQ BPΛQ| BMMLqR
` 1
3
BPΛP BMMKL ` BMΛP BPMKL ` λ BPΛP BMMKL .
(3.15)
In (3.13) there are no density-type terms, so in order to match this as closely as possible with
(3.15) we have to cancel the density term by setting λ “ ´13 . We then infer that (3.13) agrees
with (3.15), up to terms that involve second derivatives of the gauge parameter. In total, we
have shown that BM comes with weight λ “ ´13 while its non-covariant variation is given by
∆Λ
`BMMKL˘ “ ´12PpKR|PQ BMBPΛQ|MLqR . (3.16)
Similarly, we have
∆ΛpBMMKLq “ `12PRpKP |QBMBP |ΛQMLqR , (3.17)
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again taking BM to have weight λ “ ´13 . Taking the trace of (3.16) we obtain in particular
∆Λ
`BNMMN˘ “ ´5
3
BNBPΛPMMN ´ BNBPΛMMPN ` ¨ ¨ ¨ , (3.18)
up to terms that vanish upon contraction with BM by the section constraint. Finally we need
to determine ∆Λ for Bg. By an exactly analogous computation we find that g´1Bg has weight
λ “ ´13 . Moreover, derivatives BM acting on gµν and gµν induce additional weights of ´13 , such
that we find the total weights to be
λ
`
g´1BMg
˘ “ ´1
3
, λ
`BMgµν˘ “ ´1 , λ`BMgµν˘ “ 1
3
, (3.19)
with the non-covariant gauge variations given by
∆Λpg´1BMgq “ 10
3
BMBPΛP ,
∆ΛpBMgµνq “ ´2
3
BMBPΛP gµν ,
∆ΛpBMgµνq “ 2
3
BMBPΛP gµν .
(3.20)
Let us now verify gauge invariance of the potential. First, we note that the weights of the
partial derivatives of the fields are as required in order to combine to a total weight of 1 with
the weight λ “ 53 of the fu¨nfbein determinant e multiplying the potential term in the action.
Thus, complete Λ invariance of the action is proven once we checked that all ∆Λ variations
above cancel, which we will now show. We compute for the first term of (3.11)
δΛ
´
´ 1
24
eMMNBMMKL BNMKL
¯
“ 1
6
eBMBPΛKMMNMPLBNMKL
´ 5
3
edRQSd
KPSBMBPΛQMMNMRLBNMKL
“ eBMBPΛKMMNMPLBNMKL .
(3.21)
Here, in the second equality, we used that M is E6p6q valued with determinant 1, which allows
for simplifications. In order to explain this we first note that the current
pJN qKL ” MKP BNMPL , (3.22)
lives in the adjoint representation and is traceless. Therefore it satisfies
PMNKLpJP qLK “ pJP qMN . (3.23)
Spelling out the projector with (2.1), this condition implies:
dNLS d
MKS JLK “ ´1
2
JMN . (3.24)
Using this in the second term on the right-hand side of the first equality in (3.21) then reproduces
the final equality. For the second term in the potential (3.11) we compute
δΛ
´ 1
2
eMMNBMMKLBLMNK
¯
“ 2
3
eBMBPΛP BNMMN
´ eBMBPΛKMMNMPLBNMLK ` eBMBPΛL BLMMP .
(3.25)
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Here we used again that the current J is Lie algebra valued, so that the invariance of the
d-symbol implies
0 “ 3dKpSPJMqK “ dKPMJSK ` 2dSKpPJMqK . (3.26)
The last term in here appears in the above variation, and by this relation has been rewritten
in terms of the first term, which then in turn gives zero by the section constraint. We observe
that the cubic term in M in (3.25) precisely cancels the same term in (3.21), which in turn
determined the relative coefficient between these terms. Using (3.20) it is straightforward to
verify that the remaining terms linear in BM are cancelled by the ∆Λ variation of the terms in
the second line of (3.11). This proves the full ΛM gauge invariance of the potential.
3.3 p4` 1q-dimensional Diffeomorphisms
In the previous subsections, we have determined the various terms of the EFT action (1.3) by
invariance under generalized internal ΛM diffeomorphisms. While this has uniquely fixed the
form of the five different terms in (1.3), they could in principle have appeared with arbitrary
relative coefficients. In this section we show that all relative factors are determined by invariance
of the full action under the remaining gauge symmetries, which are a covariantized version of
the p4 ` 1q-dimensional diffeomorphisms with parameters ξµpx, Y q. If ξµ is independent of Y
these are manifest symmetries for each term in the action separately. For general ξµ, however,
this gauge invariance is far from manifest and in particular relates all terms in the action. As
a result, the action (1.3) is the unique action (with no free parameter left up to an overall
rescaling) that is not only invariant under generalized internal diffeomorphisms ΛM px, Y q but
also under the appropriate version of the external diffeomorphisms ξµpx, Y q. The action of
these diffeomorphisms on the various fields are given by
δeµ
a “ ξνDνeµa `Dµξνeνa ,
δMMN “ ξµDµMMN ,
δAµ
M “ ξν FνµM `MMN gµν BNξν ,
∆Bµν M “ 1
16κ
ξρ eεµνρστ Fστ NMMN , (3.27)
written for Bµν M in terms of the covariant variation (2.32). They take the form of conventional
diffeomorphisms, but ‘covariantized’ with respect to the connection A of the separate Λ gauge
symmetry, except for an additional M-dependent term in δAµM and an on-shell modification in
∆Bµν M . More precisely, the naive covariant variation of Bµν M would take the form ∆ξBµν M “
ξρHµνρM , with the covariant field strength defined in (2.38), but it turns out that off-shell gauge
invariance of the action requires to replace this field strength according to the duality relation
(3.10). Thus, the gauge variations (3.27) are only on-shell equivalent to the conventional form
of (covariantized) diffeomorphisms.
Next, we discuss the gauge invariance of the action under (3.27) in some detail. The explicit
verification of this gauge invariance is quite tedious and so we focus on a subset of terms
that provide a very strong consistency check and that are sufficient in order to determine all
relative coefficients in the action. Specifically, for various structures the cancellation proceeds
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completely parallel to the calculation that ensures standard diffeomorphism invariance in eleven-
dimensional supergravity in a 5 ` 6 splitting of fields and coordinates. They can therefore be
omitted. In particular, as explained in [72], terms linear in M that are of the structural form
MMNBM p¨ ¨ ¨ qBN p. . . q have to cancel separately, and this computation is formally identical to
the corresponding one for standard diffeomorphisms. In the following we focus on those terms
for which cancellation involves the novel features of the EFT action.
We start by computing the variation of the sum of Yang-Mills and the topological term,
denoted in the following by LVT,
LVT ” ´1
4
eFµνMFµν NMMN ` κLCS . (3.28)
Using (3.9) one easily sees that its general variation is given by
δLVT “
`
κ εµνρστ dMNK FνρKFστN ´Dν
`
eMMN Fµν N
˘˘
δAµ
M
` 5dMKN BK
ˆ
eFµν NMMN ` 4κ
3
εµνρστ Hρστ M
˙
∆Bµν N
`Opδgµνq `OpδMMN q . (3.29)
Next, we insert the gauge variations (3.27) and first focus on the F ^F terms in the variation:
δLVT
ˇˇˇ
F^F
“ κ εµνρστ dMNK FνρKFστNMML gµλ BLξλ
` 5
16κ
dMKN BK
`
eFµν QMMQ
˘
ξρ eεµνρστ Fστ PMNP
“ κ εµνρστ dMNKMMLFνρKFστN gµλ BLξλ
´ 5
32κ
εµνστρ dMKNMMQMNP FµνPFστQ gρλ BKξλ . (3.30)
We can simplify this variation by using that M is E6p6q valued, so that the invariance of the
d-symbol implies dMKNMMQMNP “ dPQMMMN . Using this in (3.30) we infer that this
variation vanishes for
κ2 “ 5
32
. (3.31)
Let us now return to (3.29) and focus on the variation coming from the second term in the first
line, restricted to the covariant, M-independent term of δAµM in (3.27). Integrating by parts
we compute
eFµν NMMN Dν
`
ξρFρµM
˘ “ eFµν NMMN DνξρFρµM ´ 1
2
eFµν NMMN ξρDρFµνM
` 5 e dMPQξρFµν NMMN BPHµνρQ , (3.32)
where we rewrote the DF term as a total curl and then used the Bianchi identity (2.37) in
the last term in the second line. Let us note that the first two terms of (3.32) occur already
in completely analogous form in the usual diffeomorphism variation, and so their cancellation
against the variation of gµν and MMN from (3.29) is standard. The term in the last line
originating from the novel Bianchi identity, however, needs to be cancelled separately. This is
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achieved by the variation originating from the second term in the second line of (3.29). In fact,
inserting ∆B from (3.27) we compute for this term
5
12
eεµνλσ1τ 1 ε
µνρστ dMKN BKHρστ MξλFσ1τ 1QMNQ “ ´5 e dMKN BKHρστ MξρFστ QMNQ ,
which cancels precisely the final term in (3.32).
Let us next inspect the variation of the second term in the first line of (3.29), but now under
the non-covariant, M-dependent term of δAµM in (3.27). Upon integration by parts we obtain
´Dν
`
eMMN Fµν N
˘MMK gµρ BKξρ “ eFµνMMMN DνMNK BKξµ
´ Fµν M Dµ pgνρ BMξρq . (3.33)
The second term precisely cancels against the main contribution from variation of the Einstein-
Hilbert term. This computation is formally identical to that presented in [72], c.f. eq. (4.16) in
that paper. The first term in (3.33) will cancel against the variation of the scalar kinetic term.
In order to show this, let us first compute the variation of the ‘scalar current’:
δξ
`DµMMN˘ “ Dµ pξνDνMMN q ´ LδAµMMN
“ Lξ pDµMMN q ´ ξν LFµνMMN ` LξνFµνMMN ´ LM‚KgµνBKξνMMN
“ Lξ pDµMMN q ` 12PPQK pMMNqK FµνQ BP ξν
´MKLBLMMN gµνBKξν ` 12PPQK pMMNqK BP
`MLQgµνBLξν˘
“ Lξ pDµMMN q ` 2
3
MMN FµνP BP ξν ` 2FµνKMKpMBNqξν
´20 dPKLdQLpMMNqK FµνQ BP ξν ´MKLBLMMN gµνBKξν
`2
3
MMN BP
`MLP gµνBLξν˘` 2MKpM BNq `MKLgµνBLξν˘
´20 dPKLdQLpMMNqK BP
`MRQgµνBRξν˘ . (3.34)
After some tedious algebra, using in particular that pDµM´1MqMN is an e6p6q algebra-valued
matrix on which the projector PPQNM acts as the identity, one then computes for the variation
of the scalar kinetic term
δLkin “ DµMMNMNK FµνK BMξν `DµMMN BM pgµνBNξνq
`
´
MNL BMMLK ´ 1
12
MKLBLMMN
¯
DµMMNBKξµ . (3.35)
The first term in here precisely cancels the first term in (3.33). The second term is of the form
MMNBMBN , which we consistently omitted, c.f. the discussion above and ref. [72]. Finally, the
last line will be cancelled against part of the variation of the potential (thereby determining
the overall coefficient of the potential). In fact, it is not difficult to see, using the analogue of
the first of the eqs. (4.22) in [72], that the variation of the leading terms in the potential read
δV “ δ
´1
2
MNL BMMLK ´ 1
24
MKLBLMMN
¯
BKMMN ` ¨ ¨ ¨
“
´
MNL BMMLK ´ 1
12
MKLBLMMN
¯
DµMMNBKξµ ` ¨ ¨ ¨ . (3.36)
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As claimed, in the combination Lkin´V they cancel the terms in (3.35). We have thus succeeded
in determining all relative coefficients in the action (1.3) from ξµ gauge invariance and have
shown how the non-standard diffeomorphism symmetry is realized in the EFT action. This
concludes our discussion of the p4` 1q-dimensional diffeomorphisms.
4 Embedding of D “ 11 Supergravity
In this section we show explicitly how to embed 11-dimensional supergravity into the EFT
constructed above. To this end, in the first subsection we rewrite D “ 11 supergravity in
a Lorentz gauge fixed form that would be appropriate for Kaluza-Klein compactification to
D “ 5, but keeping the dependence on all 11 coordinates. In the second subsection we reduce
the EFT (1.3) by choosing a specific solution for the section constraint (1.1) that breaks E6p6q
to GLp6q, with all fields depending on 5 ` 6 coordinates. After explicit dualization of some
fields, we establish complete equivalence with D “ 11 supergravity.
4.1 Decomposition of D “ 11 Supergravity
We start by briefly recalling the bosonic sector of D “ 11 supergravity [2], whose fields consist
of the elfbein Eµˆ
aˆ and the 3-form potential Cµˆνˆρˆ, where µˆ, νˆ “ 0, . . . , 10, and aˆ, bˆ “ 0, . . . , 10,
denote D “ 11 curved and flat indices, respectively. The action reads
S11 “
ż
d11xE
´
R´ 1
12
F µˆνˆρˆσˆFµˆνˆρˆσˆ ` 1
12 ¨ 216E
´1εµˆ1¨¨¨µˆ11Fµˆ1¨¨¨µˆ4Fµˆ5¨¨¨µˆ8Cµˆ9µˆ10µˆ11
¯
, (4.1)
with the abelian field strength
Fµˆνˆρˆσˆ “ 4BrµˆCνˆρˆσˆs . (4.2)
This theory is invariant under 3-form gauge transformations δCµˆνˆρˆ “ 3BrµˆΛνˆρˆs and under 11-
dimensional diffeomorphisms as well as local Lorentz transformations. Next we reduce the
Lorentz gauge symmetry from SOp1, 10q to SOp1, 4q ˆ SOp6q, choosing an upper-triangular
gauge for the elfbein, and accordingly split the indices and field components in the above three
terms of the action.
Einstein-Hilbert Term
First we consider the decomposition of the Einstein-Hilbert term, following [80,81]. For future
application it is convenient to keep the decomposition general, so for the moment we consider
a D-dimensional Einstein-Hilbert term and split the indices as D “ n` d,
µˆ “ pµ,mq , aˆ “ pa, αq , (4.3)
where µ “ 1, . . . n, and m “ 1, . . . , d, and similarly for the flat indices. The Lorentz gauge
symmetry is partially fixed by choosing the upper-triangular form of the D-dimensional vielbein
as follows
Eµˆ
aˆ “
˜
φγeµ
a Aµ
mφm
α
0 φm
α
¸
, (4.4)
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where φ “ det pφmαq. The inverse is then given by
Eaˆ
µˆ “
˜
φ´γeaµ ´φ´γeaνAνm
0 φα
m
¸
. (4.5)
The constant parameter γ depends on the ‘external’ dimension n and is determined as
γ “ ´ 1
n´ 2 , (4.6)
by requiring an Einstein-frame metric in the n-dimensional theory.
Before we compute the form of the Einstein-Hilbert term in the gauge (4.4) it is convenient
to investigate the form of the gauge symmetries after this splitting. The original Einstein-
Hilbert term is invariant under D-dimensional diffeomorphisms xµˆ Ñ xµˆ´ξµˆ and local Lorentz
transformations parametrized by λaˆbˆ, which act on the elfbein as
δEµˆ
aˆ “ ξνˆBνˆEµˆaˆ ` BµˆξνˆEνˆ aˆ ` λaˆbˆEµˆbˆ . (4.7)
After the splitting of indices, the diffeomorphisms give rise to two type of gauge symmetries
according to
ξµˆ “ pξµ , Λmq . (4.8)
We will refer to the gauge transformations parametrized by Λm as ‘internal’ diffeomorphisms.
From (4.7) we compute
δΛeµ
a “ ΛmBmeµa ´ γ BmΛm eµa ,
δΛφm
α “ ΛnBnφmα ` BmΛn φnα ,
δΛφ “ ΛnBnφ` BnΛn φ ,
δΛAµ
m “ BµΛm ´AµnBnΛm ` ΛnBnAµm .
(4.9)
We infer that e and φ transform as tensor(-densities) under the symmetry of Λm transforma-
tions, for which Aµ
m provides a gauge connection. In fact, we can define covariant derivatives
and field strengths as follows
Dµeν
a “ Bµeνa ´AµmBmeνa ` γ BnAµn eνa ,
Dµφm
α “ Bµφmα ´AµnBnφmα ´ BmAµnφnα ,
Fµν
m “ BµAνm ´ BνAµm ´AµnBnAνm `AνnBnAµm ,
(4.10)
and it is straightforward to verify that they transform covariantly under (4.9). In order to com-
pute the form of the gauge transformations parametrized by ξµ, to which we refer as ‘external’
diffeomorphisms in the following, we have to add a compensating local Lorentz transformation
in order to preserve the gauge choice in (4.4). The Lorentz parameter is found to be
λaβ “ ´φγφβmBmξν eνa . (4.11)
Moreover, it turns out to be convenient to present these ‘external’ diffeomorphisms in the
form of covariant or ‘improved’ diffeomorphisms, for which we add a field-dependent gauge
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transformation with parameter Λm “ ´ξνAνm. The full transformation rules can then be
written directly in terms of the covariant objects from (4.10):
δξeµ
a “ ξνDνeµa `Dµξν eνa ,
δξφm
α “ ξνDνφmα ,
δξAµ
m “ ξνFνµm ` φ2γφmngµνBnξν ,
(4.12)
with φmn “ φαmφαn .
After having discussed the form of the gauge symmetries, we are now ready to decompose
the Einstein-Hilbert term. To this end it is convenient to use the following formula:
SEH “
ż
dDxE Eaˆ
µˆEbˆ
νˆRµˆνˆ
aˆbˆ “
ż
dnx ddy E
´
´ 1
4
pΩaˆbˆcˆ pΩaˆbˆcˆ` 12 pΩaˆbˆcˆ pΩbˆcˆaˆ`pΩcˆbˆbˆ pΩcˆaˆaˆ¯ , (4.13)
where we introduced the coefficients of anholonomy,
pΩaˆbˆcˆ “ EaˆµˆEbˆνˆ`BµˆEνˆcˆ ´ BνˆEµˆcˆ˘ . (4.14)
Inserting the elfbein (4.4) and its inverse in here we find for the various components
pΩabc “ φ´γΩabc ` 2γφ´γ´1eraµηbscDµφ ,pΩabγ “ φ´2γeaµebνFµνmφmγ ,pΩaβγ “ φ´γφβmeaµDµφmγ ,pΩαbc “ ebνφαmDmeνc ,pΩαβc “ 0 ,pΩαβγ “ Ωαβγ ,
(4.15)
where we introduced the ‘external’ and ‘internal’ coefficients of anholonomy
Ωabc “ 2eraµebsνDµeνc ,
Ωαβγ “ 2φrαmφβsnBmφnγ ,
(4.16)
and defined
Dmeνc ” Bmeνc ` γ φ´1Bmφ eνc . (4.17)
This latter derivative is covariant under the internal diffeomorphisms (4.9) in that Dmeνc trans-
forms as a vector-density (with the same weight ´γ as eνc). Moreover, we see that in (4.15) all
components organized already into the covariant objects (4.10), so that the Λ gauge invariance
of the action will be manifest.
Next we determine the form of the Einstein-Hilbert term by inserting the components (4.15)
into (4.13) and using
E ” detEµˆaˆ “ φnγ`1 e . (4.18)
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We find
SEH “
ż
dnx ddy e
”
´ 1
4
Ωabc Ωabc ` 1
2
Ωabc Ωbca ` Ωa Ωa ´ eaµebνFµνm pebρBmeρaq
´ 1
2
φmngµνDµφm
αDνφnα ´ γ2 pn´ 2qφ´2gµνDµφDνφ
´ 1
2
gµνpφαmDµφmγqpφγnDνφnαq ´ 1
4
φ´2γφmnFµνmFµνn
` φ2γ
´
´ 1
2
φmngµνDmeµ
aDneνa ´ 1
2
φmnpebµDmeµcqpecνDneνbq
` φmnpe´1Dmeqpe´1Dneq
´ 1
4
Ωαβγ Ωαβγ ` 1
2
Ωαβγ Ωβγα ` Ωα Ωα ` 2φαm Ωα e´1Dme
¯ı
.
(4.19)
Let us now write the various terms more geometrically. The terms in the first line combine into
the n-dimensional Einstein-Hilbert term for eµ
a, but with the additional covariantization that
all derivatives are covariant according to (4.10) and the Ricci scalar is based on the ‘improved’
Riemann tensor pRµνab “ Rµνab ` FµνmeaρBmeρb , (4.20)
which is necessary in order to preserve local SOp1, 4q Lorentz invariance, as discussed above
for the full EFT. Next, the terms in the last line in the potential can also be written more
geometrically, using
eφ2γ Rpφmαq “ eφ2γ
´
´ 1
4
Ωαβγ Ωαβγ ` 1
2
Ωαβγ Ωβγα ` Ωα Ωα
` 2φαme´1BmeΩα ` 2p2γ ´ 1qφαmφ´1BmφΩα
¯
` total der. ,
(4.21)
which for γ as determined in (4.6) reproduces the last line of (4.19). Finally, we can reorganize
the De terms into Dg terms in order to make the local Lorentz invariance manifest. In total
we obtain
SEH “
ż
dnx ddy e
” pR´ 1
4
φ´2γφmnFµνmFµνn
´ 1
2
φmngµνDµφm
αDνφnα ´ γ2 pn´ 2qφ´2gµνDµφDνφ
´ 1
2
gµνpφαmDµφmγqpφγnDνφnαq ´ V pφ, eq
ı
,
(4.22)
with the ‘Einstein-Hilbert potential’
VEHpφ, eq “ ´φ2γ
´
Rpφq ` 1
4
φmn
`
Dmg
µν Dngµν ` g´1Dmg g´1Dng
˘ ¯
. (4.23)
Below we will also need the form of the potential in terms of the symmetric tensor φmn “
φm
αφnα, as opposed to the vielbein. Integrating by parts, and setting γ “ ´13 , the term
involving the internal Ricci scalar can be written as
eφ´
2
3Rpφq “ eφ´ 23
” 1
2
φmnφklφpqBkφmqBpφnl ´ 1
4
φmnφklφpqBpφmkBqφnl
´ 2
3
Bmφmn φ´1Bnφ´ 21
9
φmnpφ´1Bmφqpφ´1Bnφq
` Bmφmn e´1Bne` 2φmnpe´1Bmeqpφ´1Bnφq
ı
,
(4.24)
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which is the form convenient for the comparison with the E6p6q covariant theory.
3-Form Kinetic and Topological Term
We now turn to the decomposition of the kinetic term for the 3-form. First, we have to perform
field redefinitions of the various components of Cµˆνˆρˆ in terms of the Kaluza-Klein vector in
order to obtain forms that transform covariantly under the gauge symmetries. The general
prescription for Kaluza-Klein reductions is to ‘flatten’ all D “ 11 curved indices with Eaµˆ
and then to ‘un-flatten’ with the external n-bein components Eµ
a. For instance, the vectors
originating from the 3-form are redefined according to
Aµmn ” EµaEaνˆCνˆmn . (4.25)
Performing the analogous field redefinition for the other components we obtain the following
field variables originating from the 3-form Cµˆνˆρˆ, denoted by A:
Amnk “ Cmnk ,
Aµmn “ Cµmn ´Aµk Ckmn ,
Aµν m “ Cµνm ´ 2ArµnCνsmn `AµnAνk Cmnk ,
Aµνρ “ Cµνρ ´ 3ArµmCνρsm ` 3ArµmAνnCρsmn ´AµmAνnAρk Cmnk .
(4.26)
This definition is such that the fields transform covariantly under internal diffeomorphisms,
i.e., simply according to their ‘internal’ index structure. In order to display the transformation
under the components of 3-form gauge parameter Λµˆνˆ , we also have to perform redefinitions of
the parameters with the Kaluza-Klein vector, following exactly the same prescription as for the
fields. Thus, we define the new parameters
Λ1µm “ Λµm ´AµnΛnm , etc. (4.27)
Dropping the prime on the parameters in the following, we obtain the gauge transformations
under pΛmn,Λµm,Λµνq which act on the fields as
δAmnk “ 3BrmΛnks ,
δAµmn “ DµΛmn ´ 2BrmΛ|µ|ns ,
δAµν m “ 2DrµΛνsm ´ FµνnΛmn ` BmΛµν ,
δAµνρ “ 3DrµΛνρs ´ 3FrµνmΛρsm .
(4.28)
As usual, all derivatives are covariant w.r.t. the internal diffeomorphisms. We observe that after
the decomposition the formerly abelian 3-form gauge transformations of D “ 11 supergravity
take a non-trivial form with non-commuting covariant derivatives and extra Stu¨ckelberg-type
transformations, reminiscent of the tensor hierarchy introduced above. Moreover, the Kaluza-
Klein Yang-Mills field strength Fµν
n explicitly appears in the transformation rules.
Let us now turn to the form of the field strength components. As for the fields, redef-
initions are required, in order to arrive at field strengths that are covariant under internal
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diffeomorphisms and invariant under (4.28). We define
F 1µmnk ” EµaEaνˆFνˆ mnk , etc. , (4.29)
which are manifestly invariant under the 3-form gauge transformations as a consequence of the
invariance of the original field strength Fµˆνˆρˆσˆ. Dropping the primes in the following, one finds
for the redefined field strength in terms of the redefined fields
Fmnkl “ 4BrmAnkls ,
Fµnkl “ DµAnkl ´ 3BrnA|µ|kls ,
Fµν mn “ 2DrµAνsmn ` FµνkAkmn ` 2BrmA|µν|ns ,
Fµνρm “ 3DrµAνρsm ` 3FrµνnAρsmn ´ BmAµνρ ,
Fµνρσ “ 4DrµAνρσs ` 6FrµνmAρσsm .
(4.30)
These field strengths are manifestly covariant w.r.t. internal diffeomorphisms. Moreover, one
may verify by an explicit computation that the field strengths are gauge invariant under (4.28).
Due to the non-abelian gauge connections entering the fields strengths, the latter satisfy non-
standard Bianchi identities:
DµFmnkl “ 4BrmF|µ|nkls ,
2DrµFνsnkl “ ´3BrnF|µν|kls ´ FµνmFmnkl ,
3DrµFνρsmn “ 2BrmF|µνρ|ns ` 3FrµνkFρskmn ,
4DrµFνρσsm “ ´BmFµνρσ ` 6FrµνnFρσsmn ,
5DrµFνρσλs “ 10FrµνmFρσλsm .
(4.31)
As for the tensor hierarchy, the Bianchi identities relate the exterior derivatives of a field
strength to the ‘next higher’ field strength in the hierarchy.
We are now in a position to give the decomposition of the kinetic term for the 3-form. Due
to the form of the redefinition (4.29) of the field strengths, it is straightforward to rewrite the
F 2 term, by simply going to flattened indices:
L 3-form “ ´ 1
12
E F µˆνˆρˆσˆFµˆνˆρˆσˆ “ ´ 1
12
E F aˆbˆcˆdˆFaˆbˆcˆdˆ
“ ´ 1
12
φnγ`1e
´
φ´8γFµνρσFµνρσ ` 4φ´6γφmnFµνρmFµνρn ` 6φ´4γφmnφklFµνmkFµν nl
` 4φ´2γφmnφklφpqFµmkpFµnlq ` φmnφklφpqφrsFmkprFnlqs
¯
“ ´ 1
12
e
´
φ2FµνρσFµνρσ ` 4φ 43φmnFµνρmFµνρn ` 6φ 23φmnφklFµνmkFµν nl
` 4φmnφklφpqFµmkpFµnlq ` φ´ 23φmnφklφpqφrsFmkprFnlqs
¯
.
(4.32)
Here we left the raising of spacetime indices with gµν implicit, and we inserted the value for γ,
see eq. (4.6), for n “ 5.
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Next we have to decompose the topological Chern-Simons-like term in (4.1) and write it in
terms of the invariant field strengths defined in (4.30). One finds
Ltop “ ´ 1
108
εµνρσλεmnklpq
´
Aµν mFρσλnFklpq ` 6Aµν mFρσ nkFλ lpq ´ 1
2
AµνρFσλmnFklpq
` 2
3
AµνρFσmnkFλ lpq ´ 1
4
AµmnFklpqFνρσλ ` 4AµmnFν klpFρσλ q
´ 9
2
AµmnFνρ klFσλ pq ` 1
3
AmnkFµ lpqFνρσλ ` 2AmnkFµν lpFρσλ q
¯
.
(4.33)
The validity of this expression can be checked explicitly by verifying gauge invariance under
(4.28). As the field strengths are already gauge invariant by construction, we only have to vary
the bare gauge potentials A. After this we may integrate by parts and show cancellation by use
of the Bianchi identities (4.31). This computation requires repeated use of Schouten identities
according to which terms with total antisymmetrization over seven internal indices m,n, . . .
vanish identically. Let us note that up to total derivatives, the form of (4.33) is uniquely
determined by gauge invariance under (4.28), up to the overall coefficient that is determined
by D “ 11 supergravity.
Finally, we can give the complete action of D “ 11 supergravity under the 5` 6 decompo-
sition and the corresponding gauge fixing of the local Lorentz group:
S11 “
ż
d5x d6y e
” pR´ 1
4
M˜mnFµν mFµνn ´ 1
12
φ2FµνρσFµνρσ ´ 1
3
φ
4
3φmnFµνρmFµνρn
´ 1
2
φmnDµφm
αDµφnα ´ 1
3
φ´2DµφDµφ
´ 1
2
pφαmDµφmγqpφγnDµφnαq ´ 1
3
φmnφklφpqFµmkpFµnlq
´ V pe, φq ` e´1Ltop
ı
.
(4.34)
Here we fixed γ “ ´13 according to (4.6). Moreover, we combined the two-form field strengths
of the Kaluza-Klein gauge vector and the vector originating from the 3-form,
Fµνm “ pFµνm , Fµν mnq ” pFµνm , Fµν mn ´ FµνkAkmnq , (4.35)
by introducing the scalar dependent kinetic metric
M˜m,n “ φ 23
`
φmn ` 2φklφpqAmkpAnlq
˘
,
M˜m,kl “ 2φ 23φkpφlqAmpq ,
M˜mn,kl “ 2φ 23φmrkφlsn ,
(4.36)
with the index m “ pm , rmnsq. The topological term is given by (4.33) and the full potential
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reads
eV “ ´eφ´ 23
” 1
2
φmnφklφpqBkφmqBpφnl ´ 1
4
φmnφklφpqBpφmkBqφnl
´ 2
3
Bmφmn φ´1Bnφ´ 1
9
φmnpφ´1Bmφqpφ´1Bnφq
` Bmφmn e´1Bne´ 2
3
φmnpe´1Bmeqpφ´1Bnφq
` 1
4
φmn
`Bmgµν Bngµν ` g´1Bmg g´1Bng˘´ 1
12
φmnφklφpqφrsFmkprFnlqs
ı
.
(4.37)
It is obtained by combining (4.23) with the purely internal F 2 term from (4.32). Moreover, we
used (4.24) and expanded the Dg terms according to (4.17). This is the final form of the action,
still equivalent to the full D “ 11 supergravity. In the following, we will compare and match
this result with the action obtained by evaluating the EFT (1.3) for a particular solution of the
section constraints.
4.2 GLp6q invariant reduction of EFT
In this subsection, we will consider the E6p6q covariant EFT (1.3) upon specifying an explicit
solution of the section condition, that breaks E6p6q down to GLp6q. We will show that the result-
ing theory upon further dualization precisely coincides with eleven-dimensional supergravity in
the form presented in the previous subsection.
4.2.1 GLp6q invariant solution of the section condition
The relevant embedding of GLp6q into E6p6q is given by
GLp6q “ SLp6q ˆGLp1q Ă SLp6q ˆ SLp2q Ă E6p6q , (4.38)
with the fundamental representation of E6p6q breaking as
2¯7 Ñ 6`1 ` 1510 ` 6´1 , (4.39)
and the adjoint breaking into
78 Ñ 1´2 ` 20´1 ` p1` 35q0 ` 20`1 ` 1`2 , (4.40)
with the subscripts referring to the GLp1q charges. An explicit solution to the section condition
(1.1) is given by restricting the YM dependence of all fields to the six coordinates in the 6`1.
Explicitly, splitting the coordinates YM according to (4.39) into 
YM
( Ñ  ym , ymn , ym¯ ( , (4.41)
with indices m,n “ 1, . . . , 6, the non-vanishing components of the d-symbol are given by4
dMNK : dmn¯kl “ 1?
5
δmrkδ
n
ls , dmnkl pq “
1
4
?
5
εmnklpq ,
dMNK : dmn¯
kl “ 1?
5
δkrmδ
l
ns , d
mnkl pq “ 1
4
?
5
εmnklpq , (4.42)
4 We use summation conventions XMYM “ XmYm `XmnY mn `Xm¯Ym¯ .
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and all those related by symmetry dMNK “ dpMNKq . In particular, the GLp1q grading guar-
antees that all components dmnk vanish, such that the section condition (1.1) indeed is solved
by restricting the coordinate dependence of all fields according to
tBm¯A “ 0 , BmnA “ 0u ðñ Apxµ, YM q Ñ Apxµ, ymq . (4.43)
Let us first revisit the resulting field content of the model. The E6p6q-covariant formulation
presented above carries all 27 vector fields Aµ
M , now breaking according to (4.39), whereas the
two-forms appear only under projection dMNKBNBµν K . With (4.42) we find, that only the
components Bµν n¯ and Bµν
mn enter the Lagrangian, moreover they enter under Bm-derivatives
according to
BmBµν n¯ ´ BnBµν m¯ , and BmBµνmn . (4.44)
In other words, with this parametrization the Lagrangian comes with an additional local shift
symmetry
δBµν n¯ “ BnΩµν , δBµνmn “ BkΩµν rkmns , (4.45)
for arbitrary Ωµν , Ωµν
rkmns . In total, the full p-form field content of the E6p6q Lagrangian in
this basis is thus given by 
Aµ
m , Aµmn , Aµ
m¯
(
, tBµν m¯ , Bµνmnu , (4.46)
modulo (4.45). Comparing (4.46) to the field content of the Kaluza-Klein reduction of D “ 11
supergravity in the split of section 4.1 suggests to identify the Aµ
m with the Kaluza-Klein vector
fields sitting in the eleven-dimensional vielbein (4.4), and to relate the fields tAµmn, Bµν m¯u to
the different components of the eleven-dimensional 3-form (4.26). The index structure of the
remaining fields tBµνmn, Aµm¯u suggests to relate them to the corresponding components of the
eleven-dimensional 6-form, i.e. to describe degrees of freedom on-shell dual to tAµmn, Bµν m¯u.
Finally the six two-form tensors Bµν m that are absent in (4.46) represent the degrees of free-
dom that are on-shell dual to the Kaluza-Klein vector fields, i.e. descending from the eleven-
dimensional dual graviton. They do not figure in the action (1.3) and we comment on their
role in the conclusions. We recall that in the EFT formulation, all vector fields appear with
a Yang-Mills kinetic term whereas the two-forms couple via a topological term. The latter do
not represent additional degrees of freedom but are on-shell dual to the vector fields. In order
to match the structure of D “ 11 supergravity, we will thus have to trade the YM vector field
Aµ
m¯ for a propagating two-form Bµν m¯ as we shall describe in detail in section 4.2.3 below.
Let us now work out the details of this identification by evaluating the general EFT formulas
in the basis (4.39) and imposing the explicit solution of the section condition (4.43) on all
fields. We first consider the six vector fields Aµ
m transforming in the same representation as
the surviving coordinates (4.43). Under general gauge transformations (2.27) they transform
according to
δΛAµ
m “ BµΛm ´AµnBnΛm ` ΛnBnAµm , (4.47)
27
while they remain invariant under all higher tensor gauge transformations from (2.34). The
associated gauge transformations close into the Lie algebra“
δΛ1 , δΛ2
‰ “ δΛ12 , Λm12 ” Λk2BkΛm1 ´ Λk1BkΛm2 , (4.48)
of standard six-dimensional diffeomorphisms, embedded into the E-bracket (2.15). The six
vector fields Aµ
m thus ensure that the theory is invariant under internal diffeomorphisms with
parameters Λm . As anticipated above, we will identify them with the Kaluza-Klein vector
fields from the eleven-dimensional vielbein (4.4). For the following and just as in the previous
section, c.f. (4.10), we thus define the covariant derivatives
Dµ “ Bµ ´ LAµ , (4.49)
corresponding to the action of six-dimensional internal diffeomorphisms. Accordingly, the co-
variant field strength as evaluated from the corresponding components of the E6p6q object FµνM
coincides with the non-abelian field strength for the Kaluza-Klein vector field in (4.10)
Fµνm “ 2BrµAνsm ´AµnBnAνm `AνnBnAµm “ Fµνm . (4.50)
Evaluating the remaining components of the covariant field strengths (2.30) yields the field
strengths for the other gauge fields as
Fµν mn “ 2DrµAνsmn ` BmB˜µν n¯ ´ BnB˜µν m¯ ,
Fµνm¯ “ 2DrµAνsm¯ ´ 2 pBkArµkqAνsm¯ ´ 12 
mnrsklArµ|rsBn|Aνskl ` 2 BnB˜µνnm , (4.51)
where we have redefined the two-form tensors as
B˜µν m¯ “
?
5Bµνm¯ `ArµnAνsnm ,
B˜µν
mn “ ?5Bµνmn ` 1
2
`
ArµmAνsn¯ ´ArµnAνsm¯
˘
. (4.52)
In turn, we obtain the field strengths for these two-form tensors by evaluating the corresponding
components of the E6p6q object HµνρM :
H˜µνρ m¯ ”
?
5Hµνρ m¯ ´ BmOµνρ “ 3DrµB˜νρsm¯ ` 3Arµ|mn|Fνρsn ,
H˜µνρmn ”
?
5Hµνρmn ´ BkOµνρrkmns
“ 3DrµB˜νρsmn ´ 3 BkArµkB˜νρsmn ` 32
`
Arµm¯Fνρsn ´Arµn¯Fνρsm
˘
´ 3
4
mnklpq
´
Arµ|kl|DνAρspq ` 2Arµ|klBp|B˜νρsq¯
¯
, (4.53)
where we have split off the additional contributions
Oµνρ ” ´ArµkAν lAρs kl ,
Oµνρrkmns ” ArµkAνmAρsn¯ `ArµnAνkAρsm¯ `ArµmAνnAρsk¯
` 1
2
kmnlpq
´
3Arµ|lp|B˜νρsq¯ ´ 2Arµ|lp|AνrAρsrq
¯
, (4.54)
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that are projected out from the Lagrangian, since just as the tensor fields also their field
strengths appear only under projection dMNKBNHµνρK , cf. (4.44).
For completeness, let us also give the vector and tensor gauge transformations of the various
components as obtained from evaluating the general formulae (2.34)
δAµmn “ DµΛmn ` LΛAµmn ´ 2 BrmΞ˜|µ|ns ,
δAµ
m¯ “ DµΛm¯ ´ BnAµnΛm¯ ` LΛAµm¯ ´ 2 BnΞ˜µnm ,
δB˜µν m¯ “ 2DrµΞ˜νsm ` LΛB˜µνm ` ΛkmFµνk ´ BmpΛkB˜µν k¯q , (4.55)
with tensor gauge parameters redefined in accordance with (4.52)
Ξ˜µm ”
?
5 Ξµm ` ΛnAµnm ,
Ξ˜µ
mn “ ?5 Ξµmn ` 1
2
`
ΛmAµ
n¯ ´ ΛnAµm¯
˘
. (4.56)
4.2.2 Scalar sector
Let us now discuss the scalar field content of the theory. In the E6p6q-covariant formulation they
parametrize the coset space E6p6q{USpp8q in terms of the symmetric matrix MMN . To relate
to D “ 11 supergravity, we need to choose a parametrization of this matrix in accordance with
the decomposition (4.40). Following [82], we build the matrix as M “ VVT from a ‘vielbein’ V
in triangular gauge
VT ” exp “Φ tp0q‰ V6 exp ”ckmn tkmnp`1qı exp “ϕ tp`2q‰ . (4.57)
Here, tp0q is the E6p6q generator associated to the GL(1) grading, V6 denotes a general matrix
in the SL(6) subgroup, whereas the tp`nq refer to the E6p6q generators of positive grading in
(4.40). All generators are evaluated in the fundamental 27 representation (4.39), such that the
symmetric matrix MMN takes the block form
MKM “
¨˚
˝ Mkm Mkmn Mkm¯Mklm Mkl,mn Mklm¯
Mk¯m Mk¯mn Mk¯m¯
‹˛‚ . (4.58)
Explicit evaluation of (4.57) determines the various blocks in (4.58). E.g. its last line is given
by
Mm¯n “ 1
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eΦmmk 
klpqrs cnlpcqrs ´ eΦmmn ϕ ,
Mm¯kl “ ´ 1
6
?
2
mmn
nklpqr eΦcpqr , Mm¯n¯ “ eΦmmn , (4.59)
parametrized by Φ, ϕ, ckmn. The symmetric matrix mmn ” pννT qmn is built from the SLp6q
vielbein ν that parametrizes the standard embedding of this subgroup via V6 in (4.57) as
pV6qMA “
¨˚
˝ νma 0 00 pν´1qrmapν´1qnsb 0
0 0 νm¯
a¯
‹˛‚ . (4.60)
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The remaining blocks of (4.58) yield more lengthy expressions, but can be expressed in compact
form via the corresponding blocks of the matrix
M˜MN ” MMN ´MMm¯pMm¯n¯q´1Mn¯N , (4.61)
which take the form
M˜mn “ e´Φmmn ` 1
2
cmkpcnlqm
klmpq ,
M˜mkl “ ´ 1?
2
cmpqm
pkmql , M˜kl,mn “ mmrkmlsn . (4.62)
The matrix (4.61) will play a central role in the following after re-dualizing some of the vector
fields. From the inverse matrix MMN we will need only the particular block
Mmn “ eΦmmn . (4.63)
Now, that we have specified the field content according to the explicit solution (4.43), we can
work out the E6p6q covariant Lagrangian in this parametrization. Let us start with the scalar
kinetic term. First, we should evaluate the covariant derivatives DµMMN in the split (4.39).
With (4.42) we find for the covariant derivatives of the components of a general vector VM
DµV m “ DµV m ` 1
3
pBkAµkqV m ,
DµVmn “ DµVmn ` 1
3
pBkAµkqVmn ` V kBkAµmn ` V kBmAµnk ` V kBnAµkm ,
DµV m¯ “ DµV m¯ ´ 2
3
pBkΛkqV m¯ ` 1
2
mnklpq BnAµkl Vpq ` pBkAµk¯qV m , (4.64)
where as above the derivatives Dµ are only covariantized with respect to the Kaluza-Klein
gauge transformations, i.e. Dµ ” Bµ ´ LAµ . Comparing this to the parametrization (4.59) of
the matrix MMN , we derive the covariant derivatives on the parameters of this matrix as
Dµmmn “ Dµmmn ` 1
3
pBkAµkqmmn ,
DµΦ “ DµΦ` pBnAµnq ,
Dµcklm “ Dµ cklm`3
?
2 BrkA|µ|lms ,
Dµϕ “ Dµϕ´ pBnAµnqϕ` BnAµn¯ `
?
2
24
klmnpq cklm BnAµ pq . (4.65)
From the first two lines we infer that the combination
φmn ” e´Φ{3mmn , (4.66)
transforms as a genuine tensor (of vanishing weight) under six-dimensional diffeomorphisms.
As anticipated by the notation, we will identify it with the internal part φmn “ φmαφnα of the
metric of eleven-dimensional supergravity (4.4).
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Putting all this together, we obtain after some calculation the explicit form of the scalar
kinetic term from (1.3)
e´1 Lkin,0 ” 1
24
DµMMN DµMMN “ 1
4
DµφmnD
µφmn ´ 1
3
φ´2DµφDµφ
´ 1
12
φ´2{3 φknφlpφmq DµcklmDµcnpq
´ 1
2
φ´2
ˆ
Dµϕ` 1
72
klmnpq cklmDµcnpq
˙2
(4.67)
with φ ” e´Φ “ pdetφmnq1{2 as above. Next, we can evaluate the E6p6q covariant potential
(3.11) in the parametrization (4.59), (4.62) and obtain
V “ ´1
3
φ´2{3Bmφnk Blφpq φmnφklφpq ` 1
36
φ´2{3Bmφnk Blφpq φmlφnkφpq
`1
4
φ´2{3Bmφnk Blφpq φmlφnpφkq ´ 1
2
φ´2{3Bmφnk Blφpq φmpφnqφkl
`2
3
φ´5{3φmn e´1Bme Bnφ´ e´1φ´2{3Bme Bnφmn ` 1
3
φ´2{3 Brkclmns Brpcqrss φkpφlqφmrφns
´φ´2{3φmn e´1Bme e´1Bne´ 1
4
φ´2{3φmnBmgµνBngµν . (4.68)
In particular, the second line of the potential (3.11) is straightforwardly evaluated with (4.63).
4.2.3 Dualization
Before explicitly evaluating the remaining parts of the E6p6q covariant Lagrangian, let us recall
the field content. From (4.46) and the subsequent discussion, we have vectors and two-forms
given by  
Aµ
m , Aµmn , Aµ
m¯
(
,
!
B˜µν m¯ , B˜µν
mn
)
, (4.69)
of which only the vectors represent propagating degrees of freedom. In the previous subsection
we have introduced the parametrization of the scalar fields of the model as
tφmn , ckmn , ϕ u . (4.70)
Comparing this to the form of eleven-dimensional supergravity in the 5+6 split presented in
section 4.1, we see that we will have to dualize the singlet scalar field ϕ into a three-form tensor
field and eliminate the fields Aµ
m¯ and B˜µν
mn. In particular, the latter step should introduce a
kinetic term for the two-form tensor fields B˜µν m¯, promoting these fields to propagating degrees
of freedom.
For the dimensionally reduced theory this is precisely the pattern of dualizations of p-forms
into p3´ pq-forms that is required to make the E6p6q symmetry apparent [82]. In the following,
we give a version of that dualization which applies even for the fully y-dependent fields despite
the non-abelian structure of the internal diffeomorphisms that may put a seeming obstacle to
the possibility of dualization. It is rather similar to the mechanisms of non-abelian dualizations
appearing in gauged supergravity [83, 84] empowered by the compensating fields of the tensor
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hierarchy. As a result, we will show in this section that upon this dualization, the Lagrangian
evaluated from (1.3) precisely coincides with D “ 11 supergravity.
We start by dualizing the singlet scalar field ϕ into a three-form. To this end, we first note
that the Lagrangian (1.3) after resolution of the section condition according to (4.43) has a
global symmetry that acts by shift on ϕ. Its origin is the E6p6q generator tp`2q in the basis of
(4.57) with action
δλϕ “ λ , δλAµm¯ “ λAµm , (4.71)
on scalar and vector fields. This symmetry is compatible with the solution of the section
constraint (4.43) due to
δλ Bm¯ “ 0 , δλ Bmn “ 0 , (4.72)
as an immediate consequence of the grading (4.39), (4.40). As a result, this symmetry sur-
vives after imposing the explicit solution of the section constraint. Moreover, due to our field
redefinitions (4.52), the same generator has a non-trivial action on the two-forms as
δλB˜µν
mn “ λArµmAνsn . (4.73)
For dualizing the scalar fields ϕ we will now follow a standard routine: gauge the shift symmetry
(4.71) by introduction of an auxiliary vector field and eliminate the latter by its field equations.
Specifically, in the scalar sector we introduce covariant derivatives
Dµ ÝÑ pDµ ” Dµ ´ aµ tp`2q , (4.74)
such that the kinetic term (4.67) remains invariant under the local form of (4.71) provided the
auxiliary vector aµ transforms as
δλaµ “ Bµλ , δΛaµ “ LΛaµ ` pBkΛkq aµ . (4.75)
In the vector sector, gauging of (4.71) is more intricate, since the new gauge symmetry interferes
with the existing non-abelian structure (4.55) of the vector fields. As a result, this further
deformation necessitates the introduction of additional Stu¨ckelberg type couplings on the level
of the field strengths according to
Fµνm¯ Ñ pFµνm¯ ” 2 pDrµAνsm¯ ´ 2pBkArµkqAνsm¯ ´ 12mnrsklArµ|rsBn|Aνskl
` 2BnB˜µνnm ` bµνm , (4.76)
with the new auxiliary two-form bµν transforming as
δλbµν
m “ 0 , δΛbµνm “ LΛbµνm ` pBkΛkq bµνm ` 2arµBνsΛm , (4.77)
in order to guarantee covariant transformation behaviour of the field strength. With these extra
fields and modified transformations, the kinetic part of the Lagrangian is thus invariant under
λ and ΛM transformations. Moreover, the auxiliary two-form bµν
m comes with its own tensor
gauge invariance
δξbµν
m “ 2Brµξνsm¯ , δξaµ “ ´ Bnξµn¯ ,
δξAµ
m¯ “ ´ξµm¯ , δξB˜µνmn “ ´Arµmξνsn¯ `Arµnξνsm¯ , (4.78)
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which separately leaves the kinetic part of the Lagrangian invariant.
Let us now turn to the topological term (3.7) in order to render it invariant under the new
gauge symmetries (4.71), (4.73), (4.78). After evaluating this term with the solution of the
section condition (4.43), it is invariant under the global symmetry (4.71), (4.73) but acquires a
non-trivial variation for a local gauge parameter λ according to
δλLtop,0 “ ´ 1?
2
εµνρστ Bµλ
´
Fνρ
mAσmnAτ
n ` BmB˜νρ n¯AσmAτ n
¯
. (4.79)
In view of (4.75), this variation can be cancelled by adding the additional topological term
Ltop,1 ” 1?
2
εµνρστ aµ
´
Fνρ
mAσmnAτ
n ` BmB˜νρ n¯AσmAτ n
¯
, (4.80)
such that the sum Ltop,0 ` Ltop,1 is invariant under local λ transformations. In turn, the
variation of this combined topological term under the local tensor gauge symmetry (4.78) is
given by
δξLtop,0`1 “ ´ 1?
2
εµνρστ
´
2BµAνkBrkB˜ρσ m¯s ´ 2AµkBνBrkB˜|ρσ| m¯s ´ BµpAν mnFnρσq
¯
ξτ
m¯
“ 1
3
?
2
εµνρστ
´
H˜µνρ m¯ ` 3 BmpAµnB˜νρ n¯q
¯
Bσξτ m¯ , (4.81)
and thus can be cancelled by introduction of a second addition to the topological term
Ltop,2 “ ´ 1
6
?
2
εµνρστ
´
H˜µνρ m¯ ` 3 BmpAµnB˜νρ n¯q
¯
bστ
m . (4.82)
Finally, we have to ensure that the combined topological term Ltop,0`1`2 remains invariant
under the original ΛM and ΞµM gauge transformations of (2.34). After some lengthy but
straightforward calculation, we find for this variation
δLtop,0`1`2 “ 1
2
?
2
εµνρστ
´
2Aµ
kAν
nBkΞ˜ρn ´AµkFνρnΛkn ´ ΛnBµB˜νρ n¯
¯
p2Bσaτ ` Bmbστmq
´ 1
2
?
2
εµνρστBm
´
2Aµ
k Ξ˜ν k ´ ΛnB˜µν n¯
¯
Bρbστm . (4.83)
This variation is cancelled by adding to the topological Lagrangian the final contribution
Ltop,3 “ 1
4
?
2
εµνρστ p2aµBνAρστ ` BmbµνmAρστ q , (4.84)
with the new field Aρστ , transforming as
δAµνρ “ LΛAµνρ ` 2ΛnBrµB˜νρsn ` 2ArµmFνρsnΛmn ´ 4 BmΞ˜rµ |n¯|AνmAρsn
` 2 Brµp2Aνk Ξ˜ρs k ´ ΛnB˜νρs n¯q . (4.85)
A short calculation shows that also the terms in the variation of (4.84) proportional to Aρστ
cancel. Moreover, the term (4.84) is separately invariant under the new gauge symmetries
(4.71), (4.78), so no further compensation is required. To clean up the construction, we may
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eventually combine all new contributions to the topological term, which can be put into the
more compact form
Ltop,1`2`3 “ 1
4
?
2
εµνρστ
ˆ
2aµ
´
DνA˜ρστ ´ B˜νρ m¯Fστm
¯
´ 1
3
b˜µν
m
´
2 H˜ρστ m¯ ` 3BmA˜ρστ
¯˙
,
(4.86)
with the auxiliary fields redefined as
b˜µν
m ” bµνm ´ 2arµAνsm ,
A˜µνρ ” Aµνρ ` 2AµnB˜νρ n¯ . (4.87)
After these redefinitions, the gauge transformations of Aµνρ in (4.85) take the fully covariant
and more compact form
δA˜µνρ “ LΛA˜µνρ ` 2Frµνn Ξ˜ρsn . (4.88)
In the course of our construction, something interesting has happened. Recall that the original
Lagrangian carried the two-form B˜µν n¯ exclusively under Bm derivative a` la (4.44). This is
still true for its variation (4.81) (although not manifest in the final expression), but no longer
for the compensating term (4.82). Consequently, the new topological term (4.86) carries the
longitudinal part of B˜µν n¯ as a new field. Nevertheless, the shift symmetry (4.45) of the original
Lagrangian can be preserved, if the field A˜µνρ simultaneously transforms as
δA˜µνρ “ ´2DrµΩνρs , δB˜µν m¯ “ BmΩµν . (4.89)
I.e. this symmetry is identified with the tensor gauge symmetry of the new three-form A˜µνρ .
Let us pause and summarize what we have achieved. Upon introducing new covariant
derivatives and field strengths (4.74) and (4.76) in the Lagrangian, as well as extending its
topological term Ltop,0 to Ltop,0`1`2`3 from (4.86) we have modified the original Lagrangian
such that in addition to the former gauge symmetries it is also invariant under the new local
gauge symmetries (4.71), (4.78), (4.89). The modification has introduced the auxiliary vector
and tensor gauge fields aµ, bµν
m, and Aµνρ . The resulting Lagrangian provides an efficient tool
to perform the dualization of the original theory. We can show that depending on how we treat
the auxiliary fields, the Lagrangian either reduces to the original one or takes a different form,
in which the former fields ϕ and Aµ
m¯ disappear. Thereby we arrive at the dual version of the
original Lagrangian.
Let us first show that the new Lagrangian is equivalent to the original theory obtained from
the E6p6q-covariant EFT after solving the section condition. Recall that the only term in which
B˜µν m¯ appears without derivative, is (4.82). It thus gives separate equations of motion (by
variation of the type (4.45) under which all other terms are invariant) implying that
BmBrµbνρsm “ 0 . (4.90)
With the local gauge symmetry (4.78) we can thus set
Bmbµνm “ 0 ñ bµνm “ BnΥµν rmns , (4.91)
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for some locally defined Υµν
rmns. Upon making use of yet another local symmetry of the full
Lagrangian,5
δB˜µν
mn “ 1
2
Υµν
rmns , δbµνm “ ´ BnΥµν rnms , (4.92)
we can then completely eliminate the field bµν
m. The field equations following from variation
of Aµνρ in (4.84) imply that
2 Brµaνs “ ´ Bmbµνm “ 0 . (4.93)
Thus, aµ is also pure gauge and can be set to zero with the local symmetry (4.75). As a result,
all auxiliary fields aµ, bµν
m, and Aµνρ disappear from the equations of motion and we are back
to the theory obtained from the E6p6q-covariant formulation.
Alternatively, we may integrate out the auxiliary gauge fields aµ, bµν upon using their
algebraic field equations. The local symmetries (4.71), (4.78), (4.92) which formally remain
present in this procedure, show that after integrating out aµ and bµν , the resulting Lagrangian
no longer depends on the fields ϕ, Aµ
m¯, and B˜µν
mn. Instead, the fields Aµνρ and B˜µνm¯ are
promoted to propagating fields with proper kinetic terms. We thus obtain a dual version of
the original Lagrangian with precisely the field content of D “ 11 supergravity. To conclude
this discussion, we will now show in detail that the result indeed coincides with the D “ 11
supergravity Lagrangian after Kaluza-Klein decomposition.
With the kinetic terms from (1.3) evaluated according to (4.58), (4.67), and covariantized
according to (4.74), (4.76), the equations of motion for the auxiliary fields aµ, b˜µν
m read
aµ “ Dµϕ` 1
72
klmnpq cklmDµcnpq ` 2 εµνρστ φ2
´
DνA˜ρστ ´ B˜νρ m¯Fστm
¯
,
b˜µν
m “ ´pMm¯n¯q´1Mn¯M Fµν M ´ 2
3
εµνρστ pMm¯n¯q´1
´
2 H˜ρστ n¯ ` 3BnA˜ρστ
¯
. (4.94)
Inserting this into the Lagrangian produces the new kinetic terms
e´1 Lkin,2`3 “ ´ 1
24
φ4{3 φmn
´
2 H˜µνρ m¯ ` 3 BmA˜µνρ
¯´
2 H˜µνρn¯ ` 3 BnA˜µνρ
¯
´ 3
2
φ2
´
DrµA˜νρσs ´ B˜rµν |m¯|Fρσsm
¯´
DµA˜νρσ ´ B˜µνn¯F ρσn
¯
, (4.95)
for the two-forms B˜µν
m¯ and three-form A˜µνρ, while the vector kinetic term turns into
e´1 Lkin,1 “ ´1
4
FµνMFµνNM˜MN , (4.96)
with the matrix M˜MN from (4.61), (4.62). In particular, the form of this matrix shows that
the vector fields Aµ
m¯ have disappeared from the kinetic term (4.96) as expected. In order to
calculate the topological term after elimination of the auxiliary fields, let us first consider the
original topological term (3.7). After explicitly solving the section condition (4.43) we can give
a fairly compact expression for this term upon integrating up (3.8) as
Ltop,0 “ 1
4
?
2
εµνρστεmnklpq
´ 1
2
AµmnFνρ kl BpB˜στ q ` 1
3
DµAν mnDρAσ klAτ pq
` 1
3
BmAµ pqAν klAρnrFστ r `OpAµm¯q `OpBµνmnq
¯
.(4.97)
5 This is not a novel gauge symmetry but simply illustrates some redundancy in the introduction of the
auxiliary field bµν in (4.76).
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Eventually, we are only interested in this term at vanishing Aµ
m¯, Bµν
mn, since we know from
the general symmetry argument above that these fields will no longer enter the Lagrangian
after elimination of the auxiliary fields. Moreover, plugging (4.94) into the original Lagrangian
gives the following additional contributions to the topological term
Ltop,dual “ 1
4
?
2
εµνρστεmnklpq
” 1
12
cmnk
ˆ?
2 BlAµ pq ` 1
3
Dµclpq
˙ ´
DνA˜ρστ ´ B˜νρ r¯Fστ r
¯
` 1
72
pFµνr crlpcqmn ´ 12AµklBnAν pqq
´
2 H˜ρστ k¯ ` 3BkA˜ρστ
¯
´ 1
18
?
2
cpqnFµν kl
´
2 H˜ρστ m¯ ` 3BmA˜ρστ
¯ ı
. (4.98)
Comparing the resulting parts of the Lagrangian (4.95)–(4.98) to the Kaluza-Klein decompo-
sition of eleven-dimensional supergravity presented in section 4.1, we are led to the following
redefinition of fields
A˜µνρ ÝÑ 2
?
2
3
Aµνρ , B˜µν m¯ ÝÑ
?
2Aµν m ,
Aµmn ÝÑ
?
2Aµmn , cmnk ÝÑ ´ 2Amnk . (4.99)
With this translation, the above combinations of field strengths become
2 H˜µνρ m¯ ` 3 BmA˜µνρ ÝÑ 2
?
2Fµνρm ,
DrµA˜νρσs ´ B˜rµν |m¯|Fρσsm ÝÑ ´
?
2
6
Fµνρσ ,
Fµν mn ÝÑ
?
2Fµν mn ,
Dµcklm ÝÑ ´2Fµklm , (4.100)
i.e. translated directly into the field strengths (4.30), (4.35) introduced in the discussion of the
Kaluza-Klein decomposition of eleven-dimensional supergravity. It is then straightforward to
verify that the combination of kinetic terms (4.67), (4.95), (4.96), indeed precisely coincides
with the corresponding terms of (4.34), from eleven-dimensional supergravity. Likewise, the
combination of the topological terms (4.86), (4.97), (4.98), using the dictionary (4.99) repro-
duces the eleven-dimensional result (4.33) up to total derivatives. Although this comparison is
not straightforward since there is no canonical form in which to give these non-manifestly gauge
covariant terms, they can be systematically matched comparing their general variation w.r.t.
the various gauge fields. Similarly, agreement is found between the potential terms (4.68) and
(4.37). Finally, the Einstein-Hilbert terms from eleven dimensions and from EFT are based on
the improved Riemann tensors (3.3) and (4.20), that are readily identified since
FµνMBM Ñ FµνmBm , (4.101)
on the solution of the section constraint (4.43). Thus we have shown total agreement between
the EFT evaluated for (4.43) and the full eleven-dimensional supergravity cast into the (5+6)-
dimensional Kaluza-Klein form.
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5 Embedding of Type IIB Supergravity
In the previous section, we have shown that upon imposing the explicit GLp6q invariant solution
(4.43) of the section condition and subsequent dualization of some of the fields, the E6p6q
covariant EFT precisely reproduces the full eleven-dimensional supergravity in the 5+6 Kaluza-
Klein split. In this section, we discuss an inequivalent solution [33] to the section condition
upon which the EFT reproduces the full ten-dimensional IIB theory [34,35].6
5.1 GLp5q ˆ SLp2q invariant solution of the section condition
The corresponding solution of the section condition preserves the group GLp5qˆSLp2q embedded
according to
GLp5q ˆ SLp2q Ă SLp6q ˆ SLp2q Ă E6p6q , (5.1)
into E6p6q. In this case, the fundamental and the adjoint representation of E6p6q break as
2¯7 Ñ p5, 1q`4 ` p51, 2q`1 ` p10, 1q´2 ` p1, 2q´5 , (5.2)
78 Ñ p5, 1q´6 ` p101, 2q´3 ` p1` 15` 20q0 ` p10, 2q`3 ` p51, 1q`6 , (5.3)
with the subscripts referring to the charges under GLp1q Ă GLp5q. An explicit solution to
the section condition (1.1) is given by restricting the YM dependence of all fields to the five
coordinates in the p5, 1q`4. Explicitly, splitting the coordinates YM and the fundamental indices
according to (5.2) into  
YM
( Ñ t ym , ymα , ymn , yα u , (5.4)
with internal indices m,n “ 1, . . . , 5 and SLp2q indices α “ 1, 2, the non-vanishing components
of the d-symbol are given by
dMNK : dmnα,β “ 1?
10
δmn αβ , d
mn
kα,lβ “ 1?
5
δmnkl αβ , d
mn,kl,p “ 1?
40
mnklp ,
dMNK : dm
nα,β “ 1?
10
δnm
αβ , dmn
kα,lβ “ 1?
5
δklmn 
αβ , dmn,kl,p “ 1?
40
mnklp ,(5.5)
and all those related by symmetry, dMNK “ dpMNKq . In particular, the GLp1q grading guar-
antees that all components dmnk vanish, such that the section condition (1.1) indeed is solved
by restricting the coordinate dependence of all fields according to
tBmαA “ 0 , BmnA “ 0 , BαA “ 0u ðñ Apxµ, YM q ÝÑ Apxµ, ymq . (5.6)
Moreover, the form of the d-symbol (5.5) shows that any further coordinate dependence of
a field A on combinations of the remaining coordinates violates the section condition. This
explicitly shows that (5.6) is not a subcase of (4.43), but a different inequivalent solution.
6 An analogous IIB solution of the SLp5q covariant section condition, corresponding to some three-dimensional
truncation of type IIB supergravity, has been studied recently [85] in the truncation of the theory to its potential
term.
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5.2 GLp5q ˆ SLp2q invariant reduction of EFT
In this subsection, we evaluate the EFT Lagrangian (1.3) upon splitting fields and tensors
according to (5.2)–(5.5) and assuming the explicit solution (5.6) of the section condition. Having
gone through this analysis in great detail for the case of D “ 11 supergravity in section 4, we
will keep the discussion much shorter here, and restrict it to the essential new ingredients.
In particular, in this case, due to the presence of the self-dual four-form in IIB, there is no
known ten-dimensional Lagrangian to which the result can immediately be compared. Rather,
the procedure will produce an action, in which only an SOp1, 4q ˆ SOp5q subgroup of the ten-
dimensional Lorentz group is realized, much in the spirit of [86,87] in which Lorentz symmetry
appears broken to SOp9q but is recovered on the level of the equations of motion.7
In analogy to the discussion in section 4.2 above, let us first revisit the resulting field content
of the model. With the split (5.2), (5.3), the full p-form field content of the E6p6q Lagrangian
in this basis is thus given by
tAµm, Aµmα, Aµkmn, Aµαu , tBµνα, Bµν mn, Bµνmαu , (5.7)
where we have defined Aµkmn “ 12kmnpqAµpq . More precisely, the Lagrangian depends on the
two-forms only under derivatives, BmBµνα , BrkB|µν|mns , BmBµνmα ( . (5.8)
Similar to the case of D “ 11 supergravity, the vector fields Aµm will be identified with the IIB
Kaluza-Klein vector fields. Indeed, they transform under general gauge transformations (2.27)
according to
δΛAµ
m “ BµΛm ´AµnBnΛm ` ΛnBnAµm , (5.9)
with the associated gauge transformations closing into the algebra“
δΛ1 , δΛ2
‰ “ δΛ12 , Λm12 ” Λk2BkΛm1 ´ Λk1BkΛm2 , (5.10)
of five-dimensional diffeomorphisms, embedded into the E-bracket (2.15). Comparing the re-
maining fields of (5.7) to the field content of the Kaluza-Klein reduction of IIB supergravity
suggests to relate the fields tAµmα, Bµναu in (5.7) to the different components of the doublet of
ten-dimensional two-forms, and the fields Aµkmn, Bµν mn with the components of the (self-dual)
IIB four-form. The remaining fields Aµα, Bµν
mα descend from components of the doublet of
dual six-forms. Again, the two-form tensors Bµν m that do not figure in the E6p6q covariant
Lagrangian represent the degrees of freedom on-shell dual to the Kaluza-Klein vector fields, i.e.
descending from the ten-dimensional dual graviton. We recall that in the EFT formulation,
all vector fields appear with a Yang-Mills kinetic term whereas the two-forms couple via a
topological term and are on-shell dual to the vector fields. In order to match the structure of
IIB supergravity, we will thus have to trade the Yang-Mills vector fields Aµα for a propagating
two-form Bµν
α.
The details of this identification can be worked out by evaluating the general formulas of the
E6p6q-covariant formulation with (5.5) and imposing the explicit solution of the section condition
7 Covariant PST type formulations of IIB supergravity have been constructed in [88,89].
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(5.6) on all fields. Without repeating the details of the derivation which goes in close analogy
to the analysis of section 4.2, we summarize the covariant field strengths for the different vector
fields from (5.7)
Fµνm “ 2BrµAνsm ´AµnBnAνm `AνnBnAµm ,
Fµν mα “ 2DrµAνsmα ` αβ BmB˜µνβ ,
Fµν kmn “ 2DrµAνs kmn ´ 3
?
2 αβArµ rk|α|BmAνsnsβ ` 3 BrkB˜|µν|mns ,
Fµν α “ 2DrµAνsα ´ 2pBkArµkqAνsα ´
?
2ArµmnBnAνsmα ´
?
2Arµ|mα|BnAνsmn
´ αβ BkB˜µνkβ , (5.11)
with the modified two-forms
B˜µν
α ” ?10Bµνα ´ αβ ArµnAνsnβ ,
B˜µν mn ”
?
10Bµν mn `ArµkAνs kmn ,
B˜µν
kα ” ?10Bµνkα ` αβ ArµkAνsβ . (5.12)
All covariant derivatives Dµ ” Bµ ´ LAµ correspond to the action of five-dimensional internal
diffeomorphisms. The corresponding vector gauge transformations are given by
δAµ
m “ DµΛm ,
δAµmα “ DµΛmα ` LΛAµmα ´ αβ BmΞ˜µβ ,
δAµkmn “ DµΛkmn ` LΛAµkmn ´ 3
?
2 αβ BrkA|µ|m|α|Λnsβ ´ 3 BrkΞ˜|µ|mns , (5.13)
with
Ξ˜µ
α ” ?10 Ξµα ´ αβ ΛnAµnβ , Ξ˜µmn ”
?
10 Ξµmn ` ΛkAµkmn . (5.14)
As for the vector fields Aµα, it will be sufficient to observe that its gauge variation is given by
δAµα “ ¨ ¨ ¨ ` αβ BkΞ˜µkβ , (5.15)
implying that it can entirely be gauged away by the tensor gauge symmetry associated with
the two-forms Bµν
kβ. Consequently, it will automatically disappear from the Lagrangian upon
integrating out BkBµνkβ. The remaining two-form field strengths in turn come with gauge
transformations
δB˜µν
α “ 2DrµΞ˜νsα ` LΛB˜µνα ´ αβ ΛnβFµνn ,
δB˜µν mn “ 2Dµ
ˆ
Ξ˜ν mn ` 1?
2
αβ Aν mα Λnβ
˙
`?2 BmAµnα Ξ˜να
` LΛB˜µν mn ´ 1?
2
Λrm|α| BnsB˜µνα ` Λmnk Fµνk , (5.16)
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and field strengths
H˜µνρα ”
?
10Hµνρα “ 3DrµB˜νρsα ` 3 αβ FrµνnAρsnβ ,
H˜µνρmn ”
?
10Hµνρmn
“ 3DµB˜νρmn ´ 3FµνkAρ kmn ´ 3
?
2 αβ AµmαDνAρnβ ` 3
?
2AµmαBnB˜νρα ,
(5.17)
up to terms that are projected out from the Lagrangian under y-derivatives. The expressions
on the r.h.s. in (5.16) and (5.17) are understood to be projected onto the corresponding anti-
symmetrizations in their parameters, i.e. rmns, rµνs, rµνρs, etc.
Finally, we note that the topological term (3.7) in this parametrization is given by
Ltop “ 1
8
εµνρστ klmnp
´?2
6
αβ Fµν mαFρσ nβ Aτ pkl ` 1
6
FµνmnqFρσq Aτ klp
´
?
2
2
αβ AµmαBnAν pβFρσq Aτ klq ` 1
2
BpB˜µν mnFρσq Aτ klq
`?2 αβ AµmαDνAρnβ BpB˜στ kl ´
?
2AµmαBnB˜νρα BpB˜στ kl
` 2
3
αβ AµmαBnAν kβAρ lγBpB˜στ γ ´ αβ γδAµmαBnAν kβAρ lγDσAτ pδ
`
?
2
9
BmH˜µνραAσ nαAτ klp ´DµB˜νρmnBpB˜στ kl ´ 2
3
αβ H˜µνρβBkB˜στ kα
`OpAµαq
¯
. (5.18)
Let us now move to the scalar field content of the theory. In the EFT formulation, they
parametrize the symmetric matrix MMN . To relate to IIB supergravity, we need to choose a
parametrization of this matrix in accordance with the decomposition (5.3). In standard fashion,
we build the matrix as M “ VVT from a ‘vielbein’ V in triangular gauge
VT ” exp “Φ tp0q‰ V2 V5 exp “bmnα tp`3qmnα ‰ exp ”klmnp cklmn tp`6q pı . (5.19)
Here, tp0q is the E6p6q generator associated to the GL(1) grading of (5.3), V2, V5 denotes matrices
in the SL(2) and SL(5) subgroup, respectively, parametrized by vielbeins ν2, ν5 in analogy to
(4.60). The tp`nq refer to the E6p6q generators of positive grading in (5.3), with non-trivial
commutator ”
tp`3qklα , tp`3qmnβ
ı
“ αβ klmnp tp`6q p . (5.20)
All generators are evaluated in the fundamental 27 representation (5.2), such that the symmetric
matrix MMN takes the block form
MKM “
¨˚
˚˝˚ Mkm Mk
mβ Mk,mn Mkβ
Mkαm Mkα,mβ Mkαmn Mkα,β
Mkl,m Mklmβ Mkl,mn Mklβ
Mαm Mα,mβ Mαmn Mαβ
‹˛‹‹‚ . (5.21)
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Explicit evaluation of (5.19) determines the various blocks in (5.21). For instance, its last line
is given by
Mαβ “ e5Φ{3mαβ , Mαmn “
?
2 e5Φ{3mαβεβγ bmnγ ,
Mα,mβ “ 1
2
e5Φ{3mαγεγδ εmklpq bklβbpqδ ´ 1
24
e5Φ{3mαβ εmklpq cklpq ,
Mαm “ 2
3
e5Φ{3mβγ εkpqrs
ˆ
bmk
rαbpqβsbrsγ ` 1
8
εαβ bmk
γ cpqrs
˙
, (5.22)
with the symmetric matrix mαβ “ pν2qαupν2qβ u build from the SLp2q vielbein from (5.19).
Later, after integrating out some of the fields, we will need the components of (c.f. the discussion
in the previous section)
M˜MN ” MMN ´MMαpMαβq´1MNβ , (5.23)
for which we find
M˜mn,kl “ e2Φ{3mmrkmlsn ,
M˜mnkα “ 1?
2
e2Φ{3 εmnpqrmkpmqumrvbuvα ,
M˜mn,k “ ´ 1
6
?
2
e2Φ{3 εuvpqrmmumnv
´
ckpqr ´ 6εαβ bkpαbqrβ
¯
,
M˜mα,nβ “ e´Φ{3mmnmαβ ` 2 e2Φ{3 mkp
´
mmnmlq ´ 2mmlmnq
¯
bkl
αbpq
β , (5.24)
etc., with mmn “ pν5qmapν5qna. From the inverse matrix MMN we will in particular need the
components
Mmn “ e4Φ{3mmn . (5.25)
With (5.5) we find for the covariant derivatives of the matrix parameters from (5.21)
DµΦ “ Dµφ` 4
5
BkAµk ,
Dµmmn “ Dµmmn ` 2
5
BkAµkmmn ,
Dµbmnα “ Dµbmnα ´ αβBrmAnsβ µ ,
Dµcklmn “ Dµcklmn ` 4
?
2 BrkAlmnsµ ` 12 brklα BmAnsα , (5.26)
which will build the kinetic term of the Lagrangian.
As discussed above and similar to the analysis for the embedding of D “ 11 supergravity,
the precise map with type IIB supergravity requires some dualizations of the fields. To this end,
we observe that in the Lagrangian the two-form tensors B˜µν
kβ appear only under a divergence,
i.e. contracted with Bk, c.f. (5.8), and with algebraic field equations
αβ BkB˜µνkβ “ pMαβq´1MβM Fµν M ´ 1
6
εµνρστ pMαβq´1 H˜ρστ β . (5.27)
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By means of these equations, the fields B˜µν
kβ can be eliminated from the Lagrangian. The
gauge symmetry (5.15) shows that in the process, the vector fields Aµα also disappear. We
infer from (5.27) that the kinetic term for the remaining vector fields changes into the form
(4.96) with M˜MN from (5.24). Moreover, the two-forms B˜µνα are promoted into propagating
fields with kinetic term
´ e´5{3 Φmαβ H˜µνρα H˜µνρ β , (5.28)
and we note that the cross terms from (5.27) give rise to additional contributions to the topo-
logical term in (5.18).
Let us conclude by commenting on some of the properties of the resulting Lagrangian. At
first sight, it may appear surprising that we can obtain a ten-dimensional Lagrangian describ-
ing the field equations of the full IIB supergravity, whereas it is known that the presence of
a self-dual four-form poses a severe obstruction to the construction of a Lorentz-covariant La-
grangian. It is the latter property which justifies the existence of our Lagrangian: what we
have constructed is a ten-dimensional Lagrangian in which however only an SOp1, 4q ˆ SOp5q
subgroup of the SOp1, 9q Lorentz symmetry is realized. In this respect, its existence is no more
surprising than the corresponding constructions of [86,87] in which Lorentz symmetry appears
broken to SOp9q but recovered on the level of the equations of motion. The self-dual four form
is described by propagating degrees of freedom cklmn and Aµkmn, yet the final Lagrangian also
carries some of the dual degrees of freedom in the two-forms B˜µν mn. These do not appear with
a kinetic term but couple by a topological term (5.18) such that their field equations precisely
give rise to the first-order duality equations that relate their field strength to the field strength
of the Aµkmn, thereby reproducing part of the ten-dimensional self-duality equations.
6 Summary and Outlook
In this paper, we have presented the detailed construction of the E6p6q exceptional field theory
recently announced in [33]. This theory is formally defined in 5 ` 27 dimensions, with 27
coordinates transforming in the fundamental representation of E6p6q, subject to a covariant
section constraint. This constraint, which implies that only a subset of the coordinates is
physical, is the M-theory analogue of the strong constraint in double field theory, which in
turn is a stronger version of the level-matching constraint in string theory. The constraint
allows for different solutions, two of which we have discussed in detail. The first reduces
the 27 coordinates to six, thereby breaking E6p6q to GLp6q, leading to a p5 ` 6q-dimensional
formulation of the full (untruncated) 11-dimensional supergravity. The second solution of the
constraint reduces the 27 coordinates to five, breaking E6p6q to GLp5q ˆ SLp2q, leading to a
p5` 5q-dimensional formulation of type IIB supergravity with manifest SLp2q S-duality. In this
sense, the exceptional field theory (1.3) unifies M-theory and type IIB in that both are obtained
on different ‘slices’ of the generalized spacetime. This generalizes type II double field theory,
in which type IIA and type IIB arise on different slices of the doubled spacetime [50, 51]. As
a by-product, we have obtained an off-shell action for type IIB supergravity, at the cost of
sacrificing 10-dimensional Lorentz invariance.
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In this paper we have restricted ourselves to the purely bosonic theory, but we are confi-
dent that the extension to include fermions and the construction of a supersymmetric action
is straightforward along the lines of the supersymmetric D “ 5 gauged supergravity [77]. The
fermions will be E6p6q singlets transforming under the local generalized Lorentz group of the
corresponding coset, i.e., in this case H “ USpp8q, which will require a notion of generalized
Lorentz connection. This should also clarify the relation of our construction to that of de Wit
and Nicolai [5, 6], who cast the eleven-dimensional supersymmetry transformations into an H-
covariant from. At first sight it may appear surprising that such a supersymmetric covariant
construction is feasible at all. First we know that conventional supersymmetric theories are
restricted to dimensions D ď 11. Second, the resulting theory would encode both type IIA and
type IIB, despite the crucial difference of their fermion chiralities. The first obstacle is circum-
vented by virtue of the section constraint, which implies that the additional coordinates are
not physical in the same sense as the usual spacetime coordinates. In fact, in double field the-
ory supersymmetric extensions are possible and beautifully simplify the usually rather involved
N “ 1 supergravities in D “ 10, with the supersymmetry transformations closing into the gen-
eralized diffeomorphisms [47]. The second obstacle is circumvented since the EFT formulation
does not preserve the D “ 10 Lorentz invariance, so that the EFT fermions can consistently
encode the fermions of type IIA and type IIB. This possibility is then no more surprising than
the observation that both type IIA and type IIB give rise to the same supersymmetric theory
in D “ 5 upon dimensional reduction.
A novel feature of the supersymmetric EFT is that usually it is supersymmetry which fixes
the detailed form of even some of the purely bosonic couplings, most notably the presence and
shape of the scalar potential. In contrast, in (1.3) all bosonic couplings are already uniquely
determined by the bosonic gauge and duality symmetries. This points to a deep connection
between the duality covariant geometries of double and exceptional field theories on the one
hand and supersymmetry on the other, as for instance illustrated by the striking economy of
the supersymmetric double field theory. We leave a discussion of these matters and the detailed
construction of supersymmetric EFT to a separate publication.
There are many open questions and possible generalizations. An obvious question is about
the physical significance of the 27 coordinates. Beyond the six coordinates of D “ 11 supergrav-
ity, are they a purely formal device, or do they have a deeper role to play? A comparison with
string theory is illuminating. Here the doubled coordinates, at least on toroidal backgrounds,
are undoubtedly physical and real, as made explicit by closed string field theory, subject only
to the weaker level-matching constraint that allows for solutions depending locally both on
coordinates and their duals [38]. Thus, although the currently understood double field theory
is subject to the strong constraint, the latter constraint is well motivated from string theory,
implementing the level-matching constraint in stronger form. The section constraint of excep-
tional field theory has been postulated by analogy to the strong constraint, but since there is
no analogue to string field theory in M-theory, it cannot be ‘derived’ in a similar fashion. How-
ever, we may consider a partial solution of the E6p6q covariant section constraint that breaks
the symmetry to the T-duality group of string theory. Specifically, we can embed the SOp5, 5q
T-duality group that is appropriate for a p5 ` 5q-dimensional decomposition of type II string
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theory into E6p6q. The fundamental representation then decomposes as
SOp5, 5q Ă E6p6q : 27 Ñ 10 ‘ 16 ‘ 1 , (6.1)
where 10 and 16 are the vector and spinor representation of SOp5, 5q, respectively. Thus,
under this decomposition we obtain the NS-NS fields transforming as a vector (or rather, in
the generalized metric formulation, as a 2-tensor) but also the RR fields transforming as a
spinor. The resulting theory will be a Kaluza-Klein-type decomposition of the original type II
double field theory of [50, 51], in the sense of [73]. The decomposition of the d-symbol is then
such that the section constraint implies independence of all fields on the 1` 16 variables, and
further restricts the field dependence on the remaining 10 variables in the fundamental vector
representation of SOp5, 5q as
dMNKBMBN “ 0 ùñ ηMˇNˇBMˇBNˇ “ 0 , (6.2)
with the SOp5, 5q vector indices denoted by Mˇ, Nˇ , see e.g. eqs. (3.27), (3.29) in [90]. Thus,
the section constraint reduces precisely to the strong constraint in double field theory. Since in
string theory the strong constraint is relaxed so that the doubled coordinates are physical and
real, U-duality covariance strongly suggests the same for the 27 coordinates of the E6p6q EFT,
and similarly for the extended coordinates of the higher EFTs w.r.t. E7p7q and E8p8q.
A related question is about the most general solutions of the section constraint (1.1), in
particular whether there are solutions beyond the known D “ 10 and D “ 11 supergravity.
While we do not have a proof that there are no solutions with D ą 11, this appears unlikely.
However, it is certainly important to classify all solutions, in particular in order to see whether or
not there may be any ‘non-geometric’ solutions, for any D ą 5. For instance, one may imagine
that the gauged diffeomorphisms (3.27) and the generalized internal diffeomorphisms do not
organize into conventional diffeomorphisms of a D-dimensional theory, thereby escaping the
conventional classifications. We leave this for future work. Even if such more general solutions
of the section constraint may be excluded, it is still likely that there are non-geometric solutions
of the EFT field equations that locally depend on the subset of coordinates corresponding to
one solution of the constraint, but that patch together inequivalent solutions in a globally non-
trivial manner, as happens in double field theory [69]. Perhaps the most intriguing, but also
most involved question is about a genuine relaxation of the section constraint, which would
truly transcend the framework of supergravity.
Another fascinating prospect is to generalize the presently known EFT to include higher-
derivative M-theory corrections along the lines of the recent results on double field theory [68].
This would entail a deformation of the Enpnq generalized Lie derivatives and other structures.
If possible, this would give a scheme to compute the α1 corrections of type II string theories
and the higher-derivative M-theory corrections in a unified manner.
Let us finally note that the details for the remaining finite-dimensional groups E7p7q and E8p8q
will be presented in a separate publication. The general construction proceeds along the same
lines as the one presented here, with a 4`56 and 3`248 dimensional formulation, respectively.
One novel feature of these cases is that additional field components need to be introduced which,
from a 11-dimensional perspective, play the role of the dual graviton, a field for which a local
field theory formulation is usually considered impossible on the grounds of the no-go theorems
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in [91, 92]. We have shown in [72] how to handle this problem in the covariant approach via
introducing constrained compensator fields, extending the approach of [93]. In three dimensions,
the components of the higher-dimensional dual graviton figure among the coordinates of the
scalar target space. The Lagrangian of [72] carries these fields in a duality covariant way and
yields the first-order duality equations which relate them to the corresponding components of the
higher-dimensional metric, all while retaining full higher-dimensional coordinate dependence.
The construction hinges on the introduction of the covariantly constrained compensator fields,
which can be viewed as extra gauge potentials, however, satisfying the analogue of the section
constraint, but for the field components, so that effectively only a subset of fields survives, c.f.
equation (2.34) of [72]. In fact, these additional gauge fields appear among the pD´2q-forms in
the covariant formulation in all dimensions and neatly fit in the structure of the tensor hierarchy.
For instance, although such fields are not visible in the E6p6q action (1.3) presented in this paper,
they would show up when extending the tensor hierarchy on-shell to the full set of two-forms
BµνM in the form of compensating gauge fields CµνρM among the three-forms. For our action,
they are irrelevant thanks to the extra gauge redundancy corresponding to OµνM , see (2.34),
whose 3-form gauge potential does not enter the action. For the D “ 4 decomposition, however,
the compensating gauge field is a two-form and thus enters explicitly the gauge-covariant field
strength of the gauge vectors Aµ
M . Finally, in the D “ 3 decomposition the compensating
gauge fields are among the vectors entering the covariant derivatives, as discussed for the Ehlers
SLp2,Rq subgroup in [72]. This mechanism also circumvents the seeming problem of non-closure
of the E8p8q generalized Lie derivatives [29]. Summarizing, we have arrived at a satisfying
homogeneous picture of the exceptional field theory formulations for Enpnq, n “ 6, 7, 8. It is a
fascinating question whether and if so how these constructions can be extended to even larger
groups, possibly starting with the infinite-dimensional E9p9q and lifting the action functional
of [94], but here we can only speculate.
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A Truncations of Exceptional Field Theory
In this appendix we discuss possible truncations of the EFT action (1.3) in order to relate
it to results in the literature on duality-covariant formulations of subsectors of 11-dimensional
supergravity [20,23–26,30]. In particular, in these formulations all off-diagonal field components
and the external components of the 3-form are set to zero, and it is assumed that all fields depend
only on internal coordinates. In terms of the fields and coordinates of the E6p6q EFT presented
here this truncation therefore assumes
Aµ
M “ 0 , Bµν M “ 0 , Bµ “ 0 . (A.1)
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For the action (1.3) this truncation implies
pR Ñ 0 ,
gµνDµMMN DνMMN Ñ 0 ,
MMNFµνMFµνN Ñ 0 ,
Ltop Ñ 0 , (A.2)
such that the only surviving term is a truncation of the potential term V pMMN , gµνq . The
available formulations in the literature differ in the treatment of the remaining fields, i.e., the
external metric gµν and the generalized metric MMN encoding the internal field components.
The original work by Hillmann on E7p7q covariance [20] sets the external metric to the flat
Minkowski metric,
gµν “ ηµν ñ ?´g “ e “ 1 , (A.3)
so that the volume factor becomes unity. In the analogous truncation of the E6p6q EFT, the
action (1.3) reduces to the ‘potential term’ only,
SEFT ÝÑ ´
ż
d27Y V pMq , (A.4)
with V pMq obtained from (1.4) by setting gµν “ ηµν . It is useful to investigate what are
the residual gauge symmetries after this truncation. Of course, the p4` 1q-dimensional diffeo-
morphisms are broken, but also the ‘internal’ generalized diffeomorphisms are not completely
preserved, for the presence of g-dependent terms in the potential was crucial for gauge invari-
ance, as discussed in sec. 3.2. In particular, the volume factor e with the appropriate weight
is needed. Requiring that the condition e “ 1 be preserved under gauge transformations we
obtain
δΛe “ ΛNBNe` 5
3
e BNΛN !“ 0 ùñ BNΛN “ 0 . (A.5)
In fact, Hillmann found that his formulation matches the considered truncation of D “ 11
supergravity only in ‘uni-modular gauge’ of the internal metric [19], for which the residual
gauge transformations are indeed compatible with (A.5).
For a proper duality-covariant truncation of (1.3), the volume factor of the internal metric
has to be kept as a separate degree of freedom, as already noted in [19]. Specifically, (A.3) is
relaxed to
gµν “ e2∆ ηµν , (A.6)
with a warp-factor that in accordance with (A.1) is a function of Y only and transforms as a
scalar-density of weight λ “ 23 under Λ gauge transformations (2.4). For this truncation, the
EFT action (1.3) again reduces to its potential term, now with extra contributions in ∆
SEFT ÝÑ
ż
d27Y e5∆
´ 1
24
MMNBMMKL BNMKL ´ 1
2
MMNBMMKLBLMNK
´ 5 BM∆ BNMMN ´ 20MMNBM∆BN∆
¯
. (A.7)
This truncated action is duality and ΛM gauge invariant. Note that ∆ is a separate degree of
freedom that transforms independently of the 42 scalars parametrizing the E6p6q matrix MMN .
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It may be convenient to combine MMN and ∆ into a single object
xMMN “ eγ∆MMN , (A.8)
with some factor γ, and rewrite the potential in terms of xM only. This rescaled matrix is no
longer an element of the duality group Enpnq, but can rather be thought of as taking values
in Enpnq ˆ R`, which is the starting point in the approach of [26]. The formulations of [23–
25] employ the object (A.8) (with different choices for γ), but identify ∆ with one of the
internal components of MMN , which breaks the Enpnq covariance of (A.7) down to the subgroup
commuting with that parameter, as pointed out in [23, 30]. The resulting truncation for the
E6p6q case [25] coincides with (A.7), (A.8) (choosing γ “ ´5).
We close by pointing out that, in principle, one may also separate the R` factor in the full,
un-truncated EFT in (1.3), by re-defining gµν “ e2∆pgµν , with uni-modular metric pg, and then
rescaling the generalized metric MMN as in (A.8). This has various technical disadvantages,
however, as for instance the Einstein-Hilbert and scalar-kinetic terms start mixing in an intricate
fashion, thereby obscuring the manifest E6p6q covariance of the current formulation.
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